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Abstract 

We consider non-Abelian T-duality on A/" = 1 supergravity backgrounds possessing 
well understood field theory duals. For the case of D3-branes at the tip of the coni- 
fold, we dualise along an SU{2) isometry. The result is a type-IIA geometry whose 
lift to M-theory is of the type recently proposed by Bah et. al. as the dual to certain 
Af = 1 SCFT quivers produced by M5-branes wrapping a Riemann surface. In the 
non-conformal cases we find smooth duals in massive IIA supergravity with a Ro- 
mans mass naturally quantised. We initiate the interpretation of these geometries in 
the context of AdS/ CFT correspondence. We show that the central charge and the en- 
tanglement entropy are left invariant by this dualisation. The backgrounds suggest a 
form of Seiberg duality in the dual field theories which also exhibit domain walls and 
confinement in the infrared. 



*gitsios@upatras . gr 

. nunezOswansea .ac.uk 
■tk . sf etsosOsurrey .ac.uk 
§dthompsonStena4 . vub . ac . be 



Contents 

1 Introduction |2] 

1.1 General Idea and Road Map |5] 

2 Non-Abelian T-Duality Technology [7| 

2.1 Non-Abelian T-Duality 101 [Zl 

2.2 Non-Abelian T-Duality; some nuts and bolts [10] 

2.2.1 The non-Abelian T-dual of the NS-sector [TT] 

2.2.2 Computing the Lorentz transformation [13] 

2.2.3 General gauge fixing and coordinate transformations [15] 

2.2.4 Transformation of the RR flux fields [IZl 

2.2.5 A comment on singularities [18] 

3 Dualisation of the Klebanov-Witten Background [18] 

3.1 The KW Background [19] 

3.2 Action of 51/(2) on Killing Spinors M 

3.3 Dualisation of the NS sector and the Lorentz transformation l2T] 

3.4 RR Field Transformation l23] 

3.5 M-theorylift l25] 

3.5.1 Brief review of the solution in Il26ll27| l26] 

3.5.2 Explicit change of coordinates l28] 

3.6 Brief comments on the field theory l29] 

3.6.1 An operator associated with M2-branes l30] 

4 Dualisation of the Klebanov-Tseytlin Background [32] 

4.1 Dualisation of the background l34] 

4.2 Probing the dual geometry l37] 

4.2.1 Two and Three-Cycles l37] 

4.2.2 Domain Walls M 

4.2.3 Asymptotics of R^'^ x R and Wilson loops HO] 

4.2.4 Central Charge and Entanglement Entropy l42] 

4.2.5 Definition of a 4-d gauge coupling IH] 

4.3 Maxwell and Page Charges US] 

4.4 Maxwell, Page and Seiberg l49] 

4.4.1 Seiberg duality before dualisation l49] 

4.4.2 Calculations after the non-abelian T-duality 151] 

4.5 A summary of this Section l52] 



1 



5 Dualisation of smooth geometries [53] 

5.1 Dualisation of Wrapped D5 solutions |53] 

5.1.1 The wrapped D5 background |53] 

5.1.2 The Wrapped D5 dual geometry |54] 

5.2 Dualisation of Klebanov Strassler |56] 

5.2.1 The KS background |56] 

5.2.2 The KS dual geometry |5Zl 

5.3 Dualisation of the Klebanov-Strassler-baryonic branch |58] 

5.3.1 The baryonic branch background |58] 

5.3.2 The Baryonic Branch dual geometry |59] 

6 Analysis of the dual field theories. [61] 

6.1 Two-cycle and Three-cycle [61] 

6.2 Domain walls [63] 

6.3 The 't Hooft loop and gauge coupling [64] 

6.4 Central charge and Entanglement Entropy [66] 

6.5 Wilson loops, Asymptotics of the Dilaton and five dimensional metric . [67| 

7 Conclusions and Outlook [69] 

8 Acknowledgements [72] 

A Group theory conventions [73] 

B General gauge fixing [74] 

C The general form of the transformation on RR fields [76] 

D SUGRA review and conventions [79] 

D.l Brief review of IIB supergravity [79] 

D.2 Brief review of (massive) IIA supergravity [80] 

D.3 Supersymmetry 181] 

E SUSY in the dual of KW M 

1 Introduction 

Within the context of gauge/ string duality, solution generating techniques in super- 
gravity are an extremely powerful tool. Prominent examples include the use of bosonic 
and fermionic T-dualities to show dual superconformal symmetry at strong coupling 
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im 121; the T-s-T transformations that are the string analogue of /3-deformations in 
gauge theory |l3l and which can also be used to construct gravity duals for some 
non-relativistic field theories IH ISHU; the use of G structure rotations to obtain solu- 
tions with/ without back-reacted source branes in conifold related geometries HZHSHH. 
Evidently some of these techniques, namely U-dualities, are understood to be sym- 
metries of the underlying string theory Fermionic T-duality, however, provides an 
example where the symmetry is only valid at tree-level in string perturbation theory 
but nonetheless has applications in AdS/ CFT when considering just the planar limit. 

Performing a T-duality with respect to a non-Abelian isometry group is also a solu- 
tion generating technique of supergravity Rather like the case of fermionic T-duality it 
is not expected to be a full symmetry of string perturbation theory. But it is nonetheless 
natural to ask what role it might have within the gauge/ string correspondence. This 
study was initiated in [lOJ in which the dualisation of AdS^ x with respect to an 
SLf (2) isometry group was carried out. The result was somewhat suprising; the dual 
was found to be a solution of type-IIA supergravity whose lift to M-theory captures 
some universal properties of the solutions found by Gaiotto and Maldacena in [11], 
as dual geometries to the generalised M = 2 quiver SCFT's proposed by Gaiotto in 
|[T2|. Further progress and works in studying non-Abelian T-duality in this context can 
be found ||T3l [141 [15l [16l [T7| and a brief review of elementary aspects of non-Abelian 
T-duality in |[T8l . 

Motivated by this, in this paper we shall investigate non-Abelian T-duality applied 
to solutions with minimal supersymmetry whose field theory dual is well understood. 

The Klebanov-Witten (KW) solution [19J provides the first such example; this so- 
lution represents the SU{N) x SU{N) conformal field theory on D3-branes located at 
the tip of the conifold. We are also interested in gauge theories which are not confor- 
mal but rather, have non- trivial RG flows. The prototypical example is the Klebanov- 
Tseytlin (KT) solution [20J which incorporates fractional branes (D5-brans wrapped 
on the shrinking two-cycle of the conifold) and is a good model for the UV dynam- 
ics of a SLr(N) X SU{N + M) theory. As one flows towards the IR the theory under 
goes a sequence of Seiberg dualities to ever decreasing gauge group ranks. In the IR 
the solution of KT is singular, a fact which is remedied when M is a multiple of N ( 
N = kM), as it occurs in the Klebanov-Strassler (KS) solution [|2T|. wherein strong cou- 
pling effects take hold and remove the singularity by replacing the conifold with its 
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deformation. In the IR the theory exhibits R-symmetry breaking (or rather — > Z2), 
confinement, domain walls and other interesting phenomena. One level up in com- 
plexity is the construction of the gravity dual for the case in which the KS-field the- 
ory is exploring its baryonic branch; in this case there exists a one-parameter family 
of regular deformations [|22| interpolating between the KS solution and the wrapped 
D5-brane solutions in Il23l[7ll24ll25ll. 

All of these examples possess rich isometry groups containing at least an SU{2) 
factor along which we will dualise. There is also a U{1) isometry of the metric (at 
least in the KW and KT solutions) that may be understood in the dual field theory as 
the R-symmetry. The Killing spinors of the background are invariant under the SU{2) 
action, in a sense which we shall explain. This corresponds to the fact the super sym- 
metries are uncharged under the global (flavour-like) symmetries in the field theory 
and because of this performing the dualisation preserves supersymmetry. This should 
be contrasted with performing an Abelian T-duality in the internal space which would 
either destroy supersymmetry or result in a singular background. Since the SU{2) 
isometry group has three generators one will arrive at solutions in (massive) IIA. Let 
us now summarise what happens in each case in ascending order of complexity. 

We find that in the case of KW the dual geometry can be lifted to M-theory and can 
be directly matched to some solutions recently proposed by |26l l27| . generalising the 
eleven-dimensional solutions of Il28l , as dual to the A/" = 1 SFCTs obtained from M5- 
branes wrapped on a Riemann surface. Included in this class of SCFT are the so-called 
Sicilian quivers of Il29l . This is a direct Af = 1 analogue of the dualisation of ArfSs x 
to Gaiotto-Maldacena-like geometries that was performed in IITOl . Indeed, one can 
obtain the KW theory by considering the Af = 2 gauge theory dual to the orbifold 
AdSs X S^/Zi2 adding a relevant deformation and flowing to the IR. We essentially 
find a T-dual complement of this relation. 

For the dualisation of the KT solution one finds that the resultant geometry is a 
solution of massive IIA supergravity and the Romans mass is naturally quantised by 
the number of fractional branes. The reason for this can be understood intuitively by 
the fact that there is a component of the RR three-form with legs along all the SU{2) 
directions. Upon dualisation, this then gets converted to a zero-form. Since this is a 
solution of massive IIA it has no lift to M-theory; the fractional branes of the type-IIB 
solution represent some obstruction to this. 
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To get a better handle on this novel background we perform a number of checks. 
The first is to look at the central charge before and after the dualisation, following 
the method of Il30l and IISTII . We find that, up to a subtlety that depends on the global 
properties of the geometry, the central charge before and after the non-Abelian duality, 
matches. As we will explain, this can be understood by the fact that the measure, 
■s/ge~^'^ , is an invariant of the duality (just as it is for Abelian T-duality). The same 
invariance is present for the entanglement entropy. By using probe branes one can 
define a gauge coupling. A strange feature is that this suitably defined gauge coupling 
does not behave like those of a renormalisable 4d QFT where g ^ In r (as in the KT 
case), instead going like g"^ ^ (Inr)"^^^ which hints at a rather unusual dual field 
theory (either that, or the coupling so defined does not represent the usual gauge 
interactions). Finally one can consider the Page and Maxwell charges after duality. 
Essentially what was D3-brane charge becomes D6-brane charge. The Maxwell charge 
of D6-branes changes logarithmically. As we will discuss, this is one among other 
similarities with the KS-cascade. We will discuss below, a form of Seiberg duality that 
appears after the duality. 

To probe the low energy physics, one needs to look at the dual of the KS geometry. 
In this case things are rather more involved, but we verify that the IR signatures of 
confinement and domain walls are preserved after the dualisation. The same pattern 
shows-up if we start with the solution describing D5-branes wrapping SUSY two- 
cycles Il33ll and dualise it. 

Interestingly, for the Type IIB solution describing the baryonic branch of the KS- 
field theory, something qualitatively different happens. After the dualisation, we find 
that the large radius asymptotics of the metric is no longer (logarithmically) approach- 
ing AdSs. We provide two suggestions as to the field theoretic interpretation of this; 
either this is due to presence of an irrelevant operator in the dual QFT or more conser- 
vatively that this theory ceases to have a baryonic branch. 

Let us present now a "road map" that summarises the points above and lay-out the 
general idea behind this long and technical paper. 

1.1 General Idea and Road Map 

We start with AdS^ x or better yet, with ArfSs x /Z2, with N units of flux of the 
five form. The field theories associated are A/" = 4 SYM or the Af = 2 version of the 
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(-,5 Non Abelian T-dual 
AdS^XS\-AdS^X^ ► Type IIA/M theory geometry [11] 

Mass 

deformation 

V 

► Type IIA/M theory geometry [25], [28] 

► New Massive IIA backgrounds 

Figure 1: A road map for the paper. 

two groups quiver SU{N) x SU{N) and adjoint matter. Following the paper IITOll we 
can perform a non- Abelian T duality on the geometry to obtain a Type IIA/M-theory 
geometry of the form proposed by Maldacena and Gaiotto |[IT| with the following 
characteristics (see IITOl for details): 

• It contains a factor of instead of a hyperbolic plane 

• The resulting geometry is singular. The dilaton field diverges at a given angular 
position. 

• In correspondence with the previous point, the 'charge distribution' in the lan- 
guage of [fTTjl is A(?/) = f], which implies a quiver of the form 

SU{2) X SU{3) X SU{4) x .... x SU{N) x SU{N + 1) x .... (1.1) 

A natural first step taken in this paper, is to apply the non- Abelian T-duality to exam- 
ples preserving J\f = 1 SUSY. We choose the Klebanov-Witten geometry ||19l whose 
dual field theory is the mass deformation of the N = 2 field theory described above. 
The non- Abelian duality is performed in Section |3| Some interesting things are: that 
the solution is non-singular, preserves J\f = 1 and falls within the class of geometries 
proposed in ||29ll (originally found in ||32| ). These geometries have been proposed to 
be dual to the mass deformation of the Maldacena-Gaiotto theories. Our geometry 
presented in Section [s] falls within this class, for the case in which we have an factor 
instead of an H2. The dual field theory seems to be less understood in that case. 
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The following step is to continue with the known deformations of the Klebanov- 
Witten theory/ geometry. We then study the case of the Klebanov-Tseytlin geome- 
try, Klebanov-Strassler geometry, Baryonic Branch and the background of D5 branes 
wrapping a two cycle inside the resolved conifold. We obtain in this case new back- 
grounds in Massive IIA with a quantized mass parameter, proportional to the num- 
ber of five branes Nc, the 'deformation' from the conformal point. We present ar- 
guments for the non-singular behavior of these new solutions (the transformed of the 
KT-solution is obviously singular as the seed solution is) and 'define' their field theory 
dual calculating observables with the background. 

In more detail, the structure of the paper is the following: In Section |2] we develop 
the technology required to implement these non-Abelian duality transformations. In 
Section|3]we apply this to the KW background. In Sections |4||5] and |6| we turn our at- 
tention to the dualisations and field theory analysis of the non-conf ormal backgrounds 
described above. We conclude in Section |7], presenting some open questions and fu- 
ture topics for research. We provide generous appendices describing our conventions 
and generic Buscher-like rules for dualisation. 

2 Non-Abelian T-Duality Technology 

In this section we give details of the dualisation procedure used. The hurried reader 
who simply wants to get the physical results should feel free to read the following 
"Non-Abelian Duality 101" and skip past the rest of the section returning when he 
wishes to know more of the technicalities. 

2.1 Non-Abelian T-Duality 101 

T-duality states equivalence between string theories propagating on two different tar- 
get spacetimes containing some abelian isometries. In its simplest form, it is the equiv- 
alence between strings on circle of radius R with those on a circle radius 1/R. More 
generally T-duality provides a map, known as the Buscher rules, between one solution 
of supergravity and a second solution. A powerful approach to deriving these rules is 
the path integral approach (or Buscher procedure) Il34l . This procedure is a three step 
recipe: one begins with the string sigma model for the first spacetime and gauges a 
U{1) isometry of this spacetime; second, one invokes a flat connection for this gauge 
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field by means of a Lagrange multiplier; finally, one integrates by parts to yield an 
action with a non-propagating gauge field that can be eliminate by its equations of 
motion to produce the T-dual sigma model. 

The Buscher procedure can be naturally generalised to the case of a target space 
equipped with a non-Abelian isometry group G. One follows exactly the same steps 
but in this case the gauge fields are valued in the algebra of G. Doing so produces a 
map between one solution of supergravity and another. It is in this spirit of solution 
generating that we employ non-Abelian T-duality in this paper. 

Despite the fact the dualisation procedure is rather similar between the abelian 
and non-abelian cases there are some important differences. Generically the isometry 
(and potentially supersymmetry) enjoyed by the starting geometry is, at least partially, 
destroyed. However this lost isometry may be recovered as a non-local symmetry in 
the sigma model and the corresponding sigma models are canonically equivalent. A 
second point is the rather subtle effect of global issues that arise when performing 
the Buscher procedure on world sheets of arbitrary genera. These global concerns 
mean one should not view non-abelian duality as a full symmetry of string (genus) 
perturbation theory but just a tree-level symmetry. Nonetheless, if one's focus is on 
supergravity (as it will be in this paper) or the planar limit then one may still harness 
its power as a solution generating symmetry. 

Early work on non-Abelian duality can be found in|l33|36l|3Zl|38ll39liQlllllin con- 
text of purely Neveu-Schwarz backgrounds. This subject has had something of a re- 
vival following the work of |[T0|, in which this procedure was extended to geometries 
contain RR fluxes. A particularly curious result came from performing a non-Abelian 
dualisation of an SU{2) isometry group that acts within the sphere of ArfSs x S^. Af- 
ter dualisation the resultant geometry was a solution of IIA whose lift to M-theory 
bore a very close resemblance to the Giaotto-Maldacena geometries that come from 
considering M5 branes wrapped on Riemann surfaces. 

We close this section by giving an example to get the reader in the spirit. Consider 
the round metric on the which possess S0(4) = SU{2)i x SLr(2)j^ isometry and 
may be written (in Euler angles) as 

ds^ = de^ + d(p^ + 2 cos edcpdtp + dtp^ . (2.1) 

After performing the dualisation with respect to say the SU{2)i isometry one finds a 
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geometry that interpolates between R x and with metric given by 

2 

ds^ = dr^ + {d0^ + sin^ ed(p^) . (2.2) 

In addition, in this example the dual geometry is supported by a NS two-form and 
dilaton given by 

B=-^vol{S^), $ = -^ln(l+r2). (2.3) 

This example serves to illustrates a two key features that we will encounter. Firstly 
the S0(4) = SL7(2)l x SMiT^j^ isometry gets reduced to just SL[(2) that is reflected by 
the presence of the in the dual. Secondly there has been a serious topology change, 
indeed the dual geometry contains a non-compact direction. Whilst this example does 
not represent, evidently, a full solution of supergravity on its own, it may be embed- 
ded into true supergravity solutions and indeed it is prototypical of the dualisations 
that we will perform. 

An important ingredient in this paper will be the incorporation of RR fields. Lets us 
illustrate how this works by supposing that in the example above the initial geometry 
is supported by a RR three-form 

F3 = i;o/(s3). (2.4) 

To extract the dual fluxes one may use the following formula, 

e^f = F.Q-i , (2.5) 

where the slashes indicate the RR poly form (sum of RR forms) contracted with gamma 
matrices to form a bispinor, i.e. F = T^^^, and Q is a matrix, the construction of which 
we describe in detail in the following section, given by in this case 

n-i = ^=i=(-ri23 + ,!''). (2.6) 

From this one ascertains that the dual geometry will contain a zero from and two form: 

3 

fo = l, F2 = ,r^V0l{S^). (2.7) 
Notice that this would, when embedded into a true Type II supergravity background. 
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lead to a solution in massive type IIA (the Fq is the Romans mass and comes when 
the r^^^ in Q annihilate the same factor in f^). We shall see the same phenomenon 
happen in a number of the examples in this paper. The fact the type of the supergravity 
changed from IIB to IIA is due to the fact the isometry group dualised had an odd 
dimension (if it were to be even dimensional the type would have remained the same). 

We now present details of how to technically compute the dualisation rules for the 
non-abelian duality. 

2.2 Non-Abelian T-Duality; some nuts and bolts 

We wish to consider backgrounds that support an SU{2) isometry such that the metric 
can be cast as 

ds^ = G^y{x)dx^dx'' + 2G^i{x)dx^V + gij{x)VV , (2.8) 

where }i = 1, 2, . . . , 7 and V are the Maurer-Cartan forms. Our group theory conven- 
tions can be found in Appendix A. The NS sector comprises also the 2-form 



1 

B = B^y{x)dx^ A dx" + B^i{x)dx^ aV + -hij{x)V A V (2.9) 



and a dilaton 

O = ^{x) . (2.10) 

Hence, all coordinate dependence on the SLZ(2) Euler angles 9,(p,ip is contained in 
the Maurer-Cartan one-forms whilst the remaining data can all be dependent on the 
spectator fields x^\ Notice that we could have taken bij = 0, [^however, we will not 
do that since in the specific examples we will encounter it is necessary for a clear 
presentation of the various results. 

In what follows it will be convenient to use a parametrisation of the frame fields given 
by 

= e^dx^ , = K^jV + Ajdx?^ , (2.12) 



^To see that note that in 1 2.9 1 the relevant term becomes 

B,„rfX'' A V + eiji^hV A V = B^,idXf' A V + VlbfCiV 

= (B,„ - V2d^bi)dXf AV + V2 d{biV) , (2.11) 

where in the second line we have performed a partial integration. Hence, the last term has no contri- 
bution to the field strength dB and we may as well denote the first term by B^idX^ A U. 
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where A = 1,2, .. .,7 and a = 1,2, 3. By demanding that 

ds^ = rjABe^e^ + e'e" , (2.13) 

we obtain that 

X^Xl = K^^ , ijAse^e^ = G^y - K^y , k^k'j = g,j , k^A^ = G,„- , (2.14) 

where rjAB is the seven-dimensional Minkowski metric. Note that k", and A"^ depend 
in general on the x^'s. 

2.2.1 The non-Abelian T-dual of the NS-sector 

The corresponding Lagrangian density for the NS sector metric and antisymmetric 
fields is given by 

Co = Q^vd+Xt'd-X'' + Q^rd+X^Li + Q,^L;a_X?' + E,jl\lJ_ , (2.15) 



where, in accordance with ( A.4), = —iTr{t^g ^d±g) and we have also defined 



Qfiv — Gfw + , Q^i — G^i + B^i , Qij^ — Gj^ + , Ejj — gij + hij . 

(2.16) 

To perform the non-Abelian T-duality we replace derivatives with covariant deriva- 
tives according to 

^±g D±g = d±g - A±g , (2.17) 
and add the Lagrange multiplier term 

- zTr(z;F±) , F± = d+A- - d-A+ - [A+, A^] . (2.18) 

Then the total action is invariant under 

g^h-^g, v^h-^vh, A±^h-^A±h-h-^d±h, (2.19) 

for a group element h{a~^,a~) G SU{2). Under this transformation the fields stay 
inert and thus are called spectators. After some partial integrations the Lagrange mul- 
tiplier term takes the form 

Tr{id+vA- - id-vA+ - A+fA-) , f,j = f^j\ . (2.20) 
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We now can integrate out the gauge fields to produce a dual theory that still depends 
on 9, (p, ip, Vi and the spectators. One must now gauge fix the Sll{2) isometry to remove 
three of these variables. The obvious way to proceed is to set 

^ = I , (2.21) 

i.e. = (^ = j/7 = Oin the notation of appendix A, which leaves an action in terms of 
just the Vi and the spectators. There are other gauge fixing choices that may be more 
revealing by, for instance, making manifest some residual isometries. Different gauge 
fixing choices may be related, at least locally, through coordinate transformations as 
will demonstrate below in section 2.2.3. For the time being we proceed with the gauge 
fixing choice ^ = I. Integrating out the gauge fields gives 

A\ - iMT^{d+Vj + Q^jd+X^) , = -iM^\d-Vj - Qy^a-X?') , (2.22) 

where we have defined the matrix 

M = E+f. (2.23) 
Substituting back into the action gives the dual Lagrangian 

C = Q^.d+Xt'd-X'' + {d+v^ + d+X^Q^i)M7.\d-Vj - Qj^d-X^) . (2.24) 
From this we read off the background fields of the NS-sector for the T-dual theory as 

Additionally one finds that the dilaton receives a contribution at the quantum level 
just as in Abelian duality 

${x,v) = <E)(x) - ^ln(detM) . (2.26) 

It is clear from the above that the inverse of the matrix M determines the dual 
geometry. Since we are working with SU(2) isometries it is simple enough to evaluate 
this explicitly. In three-dimensions an antisymmetric matrix is dual to a vector, hence 
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we may write 

bij = e.jkh ■ (2.27) 
Rescaling also — > Vi/ y/2 we have to invert the matrix with elements 

^ij = gij + ^ijkyk , Vi = bi + Vi . (2.28) 
To compute the inverse define an antisymmetric density and a vector as 

.>=ydif5.,„ Z' = ^ = g|^. (2.29) 

In this way we may use the matrix gij to lower and raise indices in z' since now the 
index has been transformed into a curved index. Then 

Mi; = gij + eyfcz'^ . (2.30) 

Then the inverse is found to be 

{M-^yj = ^ {g^j + z^z^- - e\z^) , z2 = z'z^g,- = z^z, . (2.31) 
Returning to our original variables 

{^-^ f = aetg + y^ {^^^^ + ~ '^^'^') ' ^^-^^^ 
where = gijy^ and = y'yigij = yiyjg'i 

2.2.2 Computing the Lorentz transformation 



By making use of ( 2.22[ > one can establish that the worldsheet derivatives transform 



under the non-Abelian T-duality as 

L^ = -{M-')j,{d+Vj + Q^,jd+X^) , 

V_ = M-.\d.Vj - Qj^d-Xn , (2.33) 
9±X^ = invariant . 

These relations, in fact, provide a canonical transformation in phase space between 
pairs of T-dual sigma models Il37ll40| . 
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Crucial to us will be that by virtue of (2.331, left and right movers have different 
transformation rules and will define two different sets of frame fields. However, since 
these frame fields will describe the same geometry they must be related by a Lorentz 



transformation. Explicitly we find that the frames in (2.12 ) transforms, using the "plus" 



and the "minus" transformations (2.331, to the frames 



e ^ e+ = -KM~^{dv + Q^dX) + MX , e ^ e- = KM~^(dv - QdX) + AdX , 

(2.34) 

where (Q),> = Q,>. Writing 

e+ = Ae- , (2.35) 
where A is the Lorentz transformation matrix to be computed. We find from equating 



the terms proportional to dv in (2.341 that 



A = -kM~^Mk~^ = -K'^MM^^K^ 



(2.36) 



The terms proportional to dX equate identically with no extra condition. To explicitly 
compute A note first that 



where 



(2.37) 



(2.38) 



is the flat index coordinate. Then 



(2.39) 



Then we compute that 



A — . dab 



2 ^^azb 



(2.40) 



^2 ^^-av ^2 + 1 

where = ^aC"- Note that this has exactly the same form as in [TO] for the case of 
the PCM. Moreover, it is an 0(3) rotation as it has det A = — 1. The effect of the non- 
trivial extra couplings gij and bij is to "dress up" the original Lagrange multipliers and 
is hidden into the the definition of 

This Lorentz transformation also induces an action on spinors given by a matrix O 
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obtained by requiring that 

Q-^r^n = A%r^ . (2.41) 

One finds thafl 

n = rn^^|i|^, (2.42) 

where Tn is the product of all ten Gamma matrices, that anticommutes with each one 
of them and for Minkowski spacetime, it squares to unity. Note also that O leaves 
invariant the Gamma matrices corresponding to the seven-dimensional spectator 
spacetime and it is of the same form as the corresponding matrix in ||10| . 

2.2.3 General gauge fixing and coordinate transformations 



As noted above, gauge choices different than (2.21 1 might be more convenient in cer- 
tain applications. To expound this point let us consider a more general situation where 
the target admits an isometry group G and we dualise with respect to a subgroup H 
(for the case at hand we dualise the full SU{2) isometry and so dim G = dim H = 3). 
Specific gauge choices among the original dim G + dim H variables are of the form 
fi{g,v) = 0, z = 1,2, . . .,dim(H). This leaves dimG variables for the T-dual model. 
Nevertheless, one may show that the different gauge choices are related by coordinate 
transformations. This can be done by defining the "dressed" Lagrange multipliers as 

V, = Djivi , (2.43) 



where D;y denotes the components of the matrix defined in (A.8l, then the results we 
obtain for a general gauge fixing are given by just replacing in the previous expres- 
sions Vi by Vi. The details of the derivation are given in Appendix B. We also note that 
if the set of the v'^s is non-compact the same is true for the v's since D is an orthogonal 
transformation. 



In the present paper where the symmetry group is a freely acting SU{2), besides ( 2.21[ > 
these are two other natural choices for gauge fixing: 

Gase 1 : One might choose to partially gauge fix the SU{2) group element, by setting 
two of the Euler angles 6 = (p = 0, but leaving xp as a variable in the dual. This 
choice is particularly motivated for backgrounds in which d^p is a Killing vector and 
corresponds, within the gauge/ gravity correspondence, to the Lr(l)R symmetry of the 



The general expression for Ci for a freely acting group G can be found in [14]. 



15 



Af = 1 supersymmetry in the field theory side. To fix the remaining gauge freedom 
one may fix one of the Lagrange multipliers V2 = . The choice = would work 
just as well, but U3 = is inadmissible since the fixing of g has already used up that 
particular gauge freedom. In this and similar manipulations one may use the trans- 
formations for the various variables given by ( A.10[ > and ( A.12[ >. Then 



D 



V 



I cos 1/7 sin 1/7 \ 
— sin 1/7 cos 1/7 

V 01; 



V = {0,V2,V3) 



(cos tpvi, sin tpvi, V3) , 
(— sin xpV2, cos xpV2, V3) 



(2.44) 



Case 2 : Another gauge choice is ^ = z^i = = leaving a dual depending on V3, 9, ip 
as coordinates. In this case 



/ cos 9 cos 1/7 cos 9 sin 1/7 — sin 9 ^ 



D 



— sini/; cos 1/7 
y sin cos 1/7 sin sin 1/7 cos 9 J 

y = (0,0,173) =^ u = (sin cos 1/7^3, sin sin 1/7173, cos 0Z73) . (2.45) 

For the above gauge choices the Z7f's are obtained by a transformation that resem- 
bles the change of coordinates from Cartesian to either polar or spherical coordinates. 
However, this is only a formal analogy since in order to be precise one has to spec- 
ify the range of variables. The above coordinate transformations imply that the dual 
backgrounds for different gauge choices are locally diffeomorphic and one must be 
rather careful about global properties. Indeed, the global properties of the dual co- 
ordinates should be established by demanding that the gauged and ungauged path 
integrals match. In Abelian T-duality one finds that the periodicity of the dual co- 
ordinates is determined by constraining the holonomies of the gauge connections to 
vanish. In the present non- Abelian case this is an open problem. 

Finally we note that when we examine certain properties of the supergravity back- 
grounds produced by a non- Abelian duality we will need to perform certain integra- 
tions and thus will need the information about the global properties of the T-dual 
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coordinates. In doing so, we note the following relation 



-2$ 



X (EP.) 



-2$ 



(2.46) 



original " ' v ' " ' final 

where the first factor in the left hand side is computed for the original background 
and for the specific gauge choice of the form fa {g, v) = 0, a = 1, 2, 3, one has made. 
The second factor is the Faddeev-Popov determinant of the dim H-square matrix A^y 
arising in the variation Sfj = Aj^ey and in the specific gauge slice /, = 0. Such a 
relation was first shown for gauged WZW models in [|42||, but it is valid the context 
of non-Abelian duality as well. This is not a surprise given their close relationship 
established in Il38lll3l. 



2.2.4 Transformation of the RR flux fields 

For the RR fields, the transformation rules were first realised for Abelian T-duality in 
||43ll via the reduction and matching of type-IIA and type-IIB supergravities in nine 
dimensions. These rules were also obtained by considering how T-duality acts on 
spinors (or rather bispinors) and was detailed in ||44ll45l from a space time perspective, 
in ||46ll47| for the Green-Schwarz string and in ||48ll49l for the pure spinor super string. 
In the democratic formalism [51] RR fields are combined with their Hodge duals to 
form a bispinor 

IIB : P = — E /2n+l , IIA : P = — X] ^2. , (2.47) 

where f-p = —^T^^^^^mpFp^^^ '^''- The higher p-forms are related to the lower ones by 

fp = (-l)[z]^fio-p, (2.48) 



where our conventions for the Hodge dual are given by (C.l), assuming Minkowski 
signature spacetimes. The non-Abelian T-dual is simply obtained by multiplication 
with n~^. If the transformation is from type-IIB to massive type-IIA the transforma- 



tion rules for the RR-fluxes are given by comparing the two sides of llTOl 

P = P • O"^ . (2.49) 
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In the case of massive type-IIA to type-IIB the role of P and P is interchanged. For a 
general ansatz one may read off the dual fluxes produced in this way and a systematic 
analysis is given in Appendix C. 

2.2.5 A comment on singularities 

One might wonder whether such a dualisation procedure can result in singular ge- 
ometries starting with smooth geometries. To address this let us for a moment con- 
sider the case of abelian T-dualisation along a U{1) isometry generated by a vector 
field, dg, in adapted coordinates. The duality acts by inverting the component of the 
metric gog — > It is clear that the dual may become singular at points for which 
ggg vanishes, in other words when the norm of the Killing vector about which we du- 
alise vanishes. Indeed, this phenomenon occurs when dualising the polar angle of say 
and in such cases non-perturbative effects would typically become important (an 
interesting related example of this in the context of mirror symmetry is found in Il53ll 
wherein the phase of chiral superfields are T-dualised and the dual superpotential re- 
ceives vital instantonic corrections). More generally one anticipates singularities to be 
formed when the action of the isometry has fixed points. 

In the examples considered in the remainder of the paper this is not the case; the 
norm of the Killing vectors can be seen to be nowhere vanishing and singularities are 
not created by the dualisation procedure]^ 

3 Dualisation of the Klebanov-Witten Background 

The system of D3-branes placed at the tip of the conifold was studied within the 
AdS/ CFT correspondence in ||T9| . In this section we work out the non- Abelian T-dual 
of this background and study various of its properties within the correspondence. The 
result of the dualisation and some of the of the properties of the background have first 
presented in |[17|. 

^However in our examples we will find some apparent singularities but these will be only coordinate 
in nature. In particular we will find bolt singularities that may be removed with an appropriate choice 
of ranges for dual coordinates. 
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3.1 The KW Background 



The gauge theory on the branes for the background of [19J is an A/" = 1 superconfor- 
mal field theory with product gauge group SU{N) x SU{N). There are two sets of 
bifundamental matter fields; A, in the {N,N) forming a doublet of an SU{2) global 
symmetry and B'" in (N, N) forming a doublet of a second global SU{2). The super- 
potential is given by 

W = ^e'%,«„Tr(A,B"'A^B") . (3.1) 

This gauge theory is dual to string theory on AdS^ x T^^'^^ with N units of RR flux on 
the T^^'^\ The geometry and the 5-form self-dual flux form, are given by 

2 ^^2 ^^2 2 2 

= A(Vol(AdS5)-L5Vol(ri4)) . (3.2) 

Here T^^'^^ is the homogenous space (SLr(2) x SLr(2))/Lr(l) with the diagonal em- 
bedding of the fi(l). It has an Einstein metric with R^y = 4g/y given by | |52ll55| 

111 

rfs^(i^i) = - {dQ\ + sin^ Q\d<p\) + - {dQ\ + sin^ ^2^2) + ^ (^^V' + cos ^irf^i + cos Qid^jf . 

(3.3) 

Introducing the frame fields for the 

(Tj = sin^id^i , = dOi (3.4) 

and the invariant Maurer-Cartan forms for S^, that up to an overall normalization 



factor coincide with (A. 7 1, 



(Ti = cos xp sin 92d(p2 — sin ipd92 , c^2 = sin xp sin 02^^2 + cos 1/7^^2 / 

= dtp + cos 02rf^2 / (3.5) 

allows one to recast the T^'^ metric as 

ds^i,i = A^((r? + (T?) + A^((rf + (r|) + A.^{cr3 + cos eidt/^i)^ , (3.6) 

with A^ = A2 = g and = ^. The 51/(2) x 51/(2) x 1/(1) isometries of this metric 



correspond to Killing vectors. In particular, there are two commuting sets as in ( A.ll I 
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with {6,(p,xp) {6i,(pi,xp), with i = 1,2. These can be labeled as A:^^) and ^(3+3), 
a = 1,2,3. There is also fc(o) = corresponding to the U{1)r symmetry in the dual 
field theory. 

In the various computations below we will use the following frame 

/ r L 
eJ' = dx^ , u = 0,1,2,3, = -dr , 

L r 

e^'^ = AicTj 2 , e^'^ = Mci,! , ^ = ^((73 + cos 9id(pi) . (3.7) 
3.2 Action of SU(2) on Killing Spinors 

The KW background has eight unbroken super symmetries, four of which correspond 
to Poicare super symmetries and the other four corresponding to superconformal 
symmetries of the dual field theory. The Killing spinor equation coming from the 
gravitino variation in the T^^'^^ directions reduces to 

D^^f] + ^ri2i23r^^ = , ^ = 1, 2, i, 2, 3 . (3.8) 

This is solved by a constant rj obeying the projector^ 

TnV = in ' ^ilV = -^V ■ (3-10) 

We will dualise with respect one of the Sll{2) isometries. It is natural to ask what 
portion of supersymmetry is preserved by this and what is the behaviour of the Killing 
spinors under the SU{2) action. In IITOl (and further developed in ||T3) it was shown 
that the criteria for whether Supersymmetry is preserved is provided by the spinor 
Lorentz-Lie/Kosmann derivative Il56ll57ll58ll . For a killing vector k this derivative is 
well defined and is given by 



A>/ = k^D^,r^ + -V^kyl^'r] . (3.11) 

^Acting on the column vector ^ ^ where = irj- we have the projection 

ri2'7 = -{m)v ' ^isn = +im)ri . (3.9) 
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Inserting the form of the Killing vectors we see that 

^(4)7 = 0, (3.12) 
1 

^k(5)V = -^sin((/)i)csc(0i) (ri2 + rj2) 7 , (3.13) 

£^(6)// = Jcos(<^i)csc(0i) (ri2 + ri2)>/- (3.14) 

Thus, one sees that the Killing spinor has vanishing Kosman derivative along the 
SU{2). This corresponds to the statement that in the dual field theory the supersym- 
metry is not charged under the SU{2) flavour symmetries. Hence we anticipate that 
supersymmetry is preserved after performing a T-duality along this 51/(2). Moreover 
we anticipate that the Killing spinor in the dual will have the form 

fj = n-f] (3.15) 

where O is the spinorial representation of the Lorentz transformation between the left 
and right moving frames for the dual geometry. 

Parallel to this discussion is the fact that the U{1)r symmetry commutes with the 
SU{2) and hence one expects the corresponding isometry to be preserved after duali- 
sation. 



3.3 Dualisation of the NS sector and the Lorentz transformation 

We will dualise with respect to the SU{2) isometry group generated by {k^^\ k^^\ k^^^ } 
following the procedure outlined in section 2. Since the metric is block diagonal in the 
AdSs X Ti 1 spacetime, it is sufficient to focus our attention on the T^^'^^ factor alone. 
The AdSs just comes along for the ride as a spectator fieldj^ Our gauge choice will be 



given by the first of the choices in (2.44), i.e. V2 = 0. Moreover we relabel Vi = 2x\ 
and U3 = 2x2- 

Within Til, two of the fields, i.e. = {0\,(p\) are spectators. The various matri- 



ces we have introduced in (2.121 and directly enter in our expressions for the T-dual 



^In what follows we have set L = 1; this can be restored by rescaling A; and A by a factor of L and 
by dividing the RR fields by L. 
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background, using the frame ( |3.7[ ) take the form 



/ A2 \ 

A2 
\ OA/ 



(A)% = A cos 01 



/O 0\ 


Vo 1) 



(3.16) 



where }i = 1,2 corresponds to Qi and (/^i, respectively. 

The result of this procedure is a cr-model on a target space with NS fields given by 

+ — (^{xl + X^\^dx\ + + A2)rfX2 + 2XiX2dXidX2^ , 
A2 



-24) 



A 



XiX2dXi + {X2 + A2)rfX2 



Acr«, 



(3.17) 



A, 



where cr^ = dip + cos ^iii^i and 



A = Xlx\ + \^{xl + A.\) . 



(3.18) 



The metric, besides the symmetries of the AdS^ factor, evidently has a Sll{2) x Lr(l),^ 
isometry and for a fixed value of (xi,X2) the remaining directions give a squashed 
three sphere. Although the geometry is regular and the dilaton never blows up we 
note that there is a removable bolt singularity (for a standard review see ||54| ). For 
small values of X\ and fixed X2 the metric on the internal space behaves as 



\\{al + al) + ^^-^(dx\ + xlcrl) . 



+ A4 



(3.19) 



For this to be removed we require the range of i/? to be 2/1 (so that at fixed 6,(p the 
apparent singularity at xi =0 becomes just the coordinate singularity of IR^ written in 
polar coordinates)]^ Rather curiously, before dualisation the coordinate had range 
4/1 (it was the coordinate of the fibre in T^'^ viewed as a U{1) bundle over x S^) 
so we see that the dualisation has effectively enforced a Z2 quotient on ip. This is 
illustrative of the point made earlier that the global properties of these geometries 
after dualisation may be rather subtle. 



^This assumes that takes values in the half-line, if it is allowed to range over the full real line the 
range of i/' should be further restricted to n. 
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From (2.341 one can obtain expressions for the "internal" frame fields for this metric 



and the corresponding Lorentz transformation relating the frames is given by ( 2.40[ ). 



To explicitly compute that we take into account (2.381, (3.161 and the transformation 
( |Z44l >, so that 



(A2Cosi/7Xi ,\2sinxpxi,\x2) . 



(3.20) 



From this one can deduce the spinorial representation O of this Lorentz transforma- 



tion by using (2.42). Explicitly, we find dependence on the gamma matrices Fi and 



F2 of the form cos ipTi + sin ipT2. This will be used to obtain the RR fluxes as detailed 
below. 

In fact, there is a more convenient and simpler choice for the frame fields which can 
be obtained by performing an additional rotation in the 1-2 plane 



COS ip sin 1/7 \ / ei± 
— sin 1/7 cos ij) J \ e2± 



(3.21) 



Using the above and the relation between the world sheet derivatives as in (B.13 1 the 
frame fields are given by 



S2± 



e3± 



A 



xf + }?-\^dx\ + xiX2{dx2 ± A'^og) 



A2 
A 



\^X2dXi — A.2X\{dX2 ± A^(7g^ 



(3.22) 



.A 
A 



X\X2dX\ + (^2 + X-2)dX2 =F /(^^Ws 



The Lorentz transformation A relating the frames is given by (2.401. For these 
rotated frames we have that A' = DAD^. One finds that 



A' 



-1 + 



A 



-A2A^X2 — A2AX1X2 \ 



A2A^X2 A^X2 + ^2'^i — A2AX1 

y — A2AX1X2 A2AX1 —X^xl J 



(3.23) 



3.4 RR Field Transformation 



We may now use the rule for transforming the RR sector given in ( 2.49[ > in which the 
spinorial representation of the Lorentz transform acts on the right of the bispinor. A 
change for both frames induces a corresponding change in the bispinor with an extra 
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matrix Qfj which acts from the left as well as from the right. It reads 



p = Of. • p • • nr^ = p' ■ n'~^ 



fr 



(3.24) 



where 



n' = Qfr • n • n 



^fr 



P' = Ofr • P • O 



^fr 



(3.25) 



In our case using ( 2.41[ > with A the two-dimensional S0(2) matrix in ( 3.21| > we easily 
find that 

Ofr = COS f I + COS tr^i2 ■ (3.26) 



Then in O' the dependence on xp disappears and we have that 

n' = ^ (-A^Ari23 + AzXiFi + AX2T3) , 



(3.27) 



which precisely corresponds to the Lorentz matrix (3.23). On the other hand P' = P 
since the dependence on the frames and is of the form A e^. This amounts 



to the "naive" use of (2.491 without taking into account the effect of the rotation of 
the bispinor P, with just renaming the combination coscpTi + smipT2 by Ti. Using 



the general formulae of Appendix C, in particular (C.4 |, we see that t he only non- 
vanishing form is G^"^ = -di A a^. Then using eqs.(C.ll I and (C.12) we compute 



the forms supporting the type-IIA supergravity background a^ 



8\/2 ,211.2 8\/2 4 
Af A e Ae — ^ 



gs 



A^ A (7j A 02 , 



Fa 



eUe^A a (A2 xi - A X2 e'^] 



(3.28) 



_ _8\/2^2 ^2 A^cTj A 02 A (Tg A (A2X1 dx2 — A^X2 dxi) . 
gs A 

These fluxes support the NS geometry as a solution of the supergravity equations of 
motion. Moreover the solution has A/" = 1 supersymmetry as explained in detail in 
the Appendix E. Using eqs.( C.ll] > and (C.12 1 we also compute the higher forms 



8V2 



Vol^AdSs) A (A2Xie'^ + \x2e' 



We use thought this paper the e"^_ frame to display the results. 
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8^/2 



Vo\{AdS5) A {xidxi + X2dx2) , 



— X\ AVol(AdS5) A e'l A A 



(3.29) 



At At a — flXi A aX2 A (T% 



These obey = "(^^4) arid ^8 = ^^2/ in agreement with (2.481, as they should. In 
fact, we prove in Appendix C, that these consistency relations relating higher to lower 
rank RR flux forms are preserved by non-Abelian T-duality. 



3.5 M-theory lift 



We are interested in lifting and interpreting our solution to M-theory. To do that we 
first read off, using (D.5 ), the potentials corresponding to the fluxes F2 and F4 in ( 3.28[ )j^ 
We find that 



Ci 



— crj A A erg . 



(3.30) 



The lift to eleven dimensions (along the circle with coordinate Xjj) of the geometry we 
find after non-Abelian T-duality is given by. 



ds^ 



A 



1/3 



ds 



+ Aliaf + (7|) ) + A-^/^ {xi + A'Ai)dxi 



2/3 



i2i2^ 



+ (x2 + k\)dx2 + 2x1X2^x1^x2 + k^k\x\(rl^ + i^dx'^ + ^ j 



, (3.31) 



where A is given in (3.18 1. The four-form flux field is given by 



1 



f4 = d{Cz + B A rfXjj) = —dx2 A (Tj A A (7g + H A dx^ , 



(3.32) 



where H = dB is computed using the expression for B in (3.17). 



In eleven dimensions our solution preserves two commuting U{1) isometries and 
eight supercharges. Recently, a class of A/" = 1 (generically non-Lagrangian) SCFT's, 
arising as the IR fixed point of the dynamics of M5-branes wrapped on a genus g sur- 
face lag, was engineered in ||26ll27| . These field theories enjoy not only a 1^(1) global 
symmetry but also an additional U{1) global symmetry. The geometrical dual to these 



^In the rest of this section and in the next section we set besides L = 1, the string coupling gs = 2\/2 
and Ai = A2 = A = j, even if we keep the notation in some of the eqs. 
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theories fit within the ansatz of j32], but now specialised to the case that the internal 
six-dimensional manifold is a squashed S'^ fibration over lag. Our solution fits in this 
ansatz as we will soon demonstrate after a brief review of the solutions of Il26ll27| . 

3.5.1 Brief review of the solution in Il26ll27l 



To give the metric and four-form flux in ||26l I27| . we first introduce the constant cur- 
vature metric on the Riemann surface 

with scalar curvature 2k, where k = 1,0,-1 for the two-sphere {g = for which we 
will be particularly interested), for the torus and a hyperbolic surface, respectively. 
Hence the conformal factor obeys Liouville's equation 

{dl^ + dl^)A + Ke^^=0. (3.34) 

It is also convenient to define the constants 

a, = 2^.2^ , a2 = -12^e2^ f 1 - ^e'^^ 

K K V 6 



^ (^-K ± Vk2 + 3k2z2) , (3.35) 



6 

the functions 

%) = ^^' + ^-4' /(y)=/o + 6V, .^^(M)=g/(y)+4y2, (3.36) 

Ul JO Ui 

as well as the one forms V and p 

dV = j^e^^^y^'y^^dyi Ady2, f dV = 2n, 

p = i2-2g)V-^-(^a2 + ^) {dx + V) . (3.37) 
Then the metric takes the form 

dsl, = e^MM) U2 + e^^'dsliZg)] + e-'^^V'^^^dsl,^ , (3.38) 
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where ds^^^^ is the metric of AdS^ with unit radius and 



+?l/MM(,^^^)2^?M(,^ + ,)2, (3.3,) 



in which the U{1) isometry generated by 9,^ corresponds to the R-symmetry and is 
supplemented by an additional U{1) generated by d^. Demanding that the metric is 
positive definite places bounds on the coordinates y and q by imposing 

qf{y) > , k{q) > . (3.40) 

To support the geometry of the ansatz (3.38 1 a flux is turned one with structur^ 



F4 = e2>i(yi,y2)+2i/^^^ A dyz A G2 + A G3 + . (3.41) 



The various functions are given by 



{24:q - 1) (fli + 2a2q) + qj{}j)\ - 36k{q) [4 (fli + 2(6fli + a2)q) + ^^l^?/(y)] 

72q^{4y^ + qf{y)) 

1 yfiy) 



dy A dx 



34y^ + qf{y) 

and 



dq A [2d^ - (6fli + a2)dx] (3.42) 



G3 - — (4y2 + ^/(y))2 'i'l^'^y^ m - ^PX + #] , 

G^ (4y2 + ^/(y))2 dl^dy^dX/^dxp. (3.43) 



^Some terms in the expression below seem to be missing in the corresponding expressions of the 
original literature. 
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3.5.2 Explicit change of coordinates 



Let's consider the case where g = 0, i.e. ^g=o = and also take the numbers k = z 
1. Then the various constants are given by 



n2v 



- , «1 = - , fl2 = . 
6 3 



(3.44) 



The remaining functions take the form 



/(y) = /o / Hi) = ^ - ^ ' 



The one-forms that determine the fibration are given by 



(3.45) 



p = 2V - ^{dx + V) , dV = ^e^^^y^'y^Uyi A dy2 
The conformal factor for the metric on is given by 



(3.46) 



1 + yl + yl 

and the conversion to polar coordinates is given by 



(3.47) 



1/1 = cos (pi cot 



2 ' 



1/2 = sin (pi cot 



^1 



whence 



y = - cos . 



(3.48) 



(3.49) 



Then the metric (3.38) can be written exactly in the form (3.31 ) if we make the coordi- 
nate change 

1 



1 



1 3 2 
36 + 2''i' 



y 



X2 



^tt = 9^-]^'/'' fo = l 



(3.50) 



From the positivity requirement of the metric (and these coordinate redefinitions) we 
expect a priori that q G / ^^id 3/ ^ [—00,00]. There may be further conditions from 
quantisation of fluxes. 



For the forms in eqs.(3.42 1 and (3.43 ) we find that, 

1 (1 + 12^? + 864y2^ 



54 {q + 36y2)2 



dq Ady Adx /\dip , 
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1 (1 + 12fl + 864v2) 

1 



(3.51) 



12i/di^ A {2dx - dtp) + 2(1 + 1296y^)dy A 



18(^? + 36y2 

+ (24i? - 1 - 432i/2)di/ A ) . 



Then, with the above coordinate change the four-form flux (3.41 ) becomes (3.32). 



3.6 Brief comments on the field theory 

Next we present a very quick synopsis the work of ||26ll which interprets these ge- 
ometries as coming from wrapped M5-branes. Before back-reaction one considers the 
M5-brane on a genus g curve Cg in a Calabi Yau threefold that is decomposable as 

; (3.52) 

where Cj are line bundles, so that the space has a natural U{l)i x U{1)2 symmetry act- 
ing as phase rotations in the respective line bundle. The Calabi- Yau condition restricts 
the Chern classes of the line bundles, Ci(£i) = p, C2{jC2) = cj, so that they cancel-off 
against the curvature coming from the curve Cg i.e. one requires p + q = 2g — 2. In 
what follows it is helpful to encode the solution by the genus g and the twisting pa- 
rameter z defined through 

p = (l + z)(g-l), q = (l-z){g-l). (3.53) 

The parameter z is related to the warp factor entering into the supergravity solu- 
tions above as in ( 3.35[ >. In our case recall that k = z = 1, which gives (3.44). The 



construction in ||26l , allows one to calculate the four-dimensional central charges c, a 
using the anomaly polynomial of the six dimensional J\f = (2, 0) theory (here spe- 
cialised to the Ajv case) 

« - ^) 48(l+^)2z2 

C = (g - 1) (N - 1) ^-+^.--^(lg)(^6-gl7,+9,2).2 ^3 3^^ 
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1 /2 

where tj = + 1 and ^ = (//^ + (1 + 4// + 3i]^)z^) . Generically, in the large N 
limit the leading behaviour of these charges match and scale as reflecting the six 
dimensional M5-brane origin of the theories. 

The corresponding field theories for g > 1 were constructed in ||26l , starting from the 
theories discussed by Gaiotto and Maldacena |[TT|, integrating out the adjoint chiral 
multiplet inside the N = 2 vector multiplets and following a simple set of rules. 
However this construction does not seem to extend easily for genus zero and the 
field theory interpretation remains somewhat mysterious in this case. A surprising 
result is that for the particular geometry that we obtained by dualising KW we have 



g = 0,z^ = 1. Then the anomaly polynomial result for central charges in (3.54) in the 
large N limit gives, 

a=^(N-l) + 0(l) , c=l(N-l) + 0(l) . (3.55) 

The leading term cancelled out leaving just a linear dependence on N. Since the 
leading term vanished one need not have that a and c match. A strange feature, how- 
ever, is that the result has no dependent piece as one might have expected. As we 
shall see later this does not match the expectation from supergravity where we find 
the central charge is an invariant of the T-dualisation. The resolution of the puzzle 
probably lies on the fact that a-maximization, used in [26] is breaking-down in this 
case due to the presence of extra accidental symmetries. 

These features point to the fact that the theory obtained when M5-branes wrap a two- 
sphere preserving conformality and minimal SUSY are apparently out-of-line with the 
general ideas of EH, BH and [26l 

On the other hand, the existence of a BPS operator corresponding to a wrapped M2- 
brane seems guaranteed here. We will see below how to calculate its dimension. In 
line with the differences pointed above, we will also find qualitative differences re- 
garding this operator and that defined in [[1T||, ||29l and l|26ll . 



3.6.1 An operator associated with M2-branes 

Gaiotto and Maldacena |[TT| discussed the existence of an operator associated with the 
Tjv theories. They called this operator Ojjj^ and its characteristics are described in (Til. 
It is uncharged under the U{1) symmetries of the field theory. The dimension of this 
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operator in the string dual is equated with the energy of an M2-brane extending in 
time and wraps a two-cycle (in their case an H2-space) which is not fibered with the 
rest of the space. In other words, the calculation in the putative type-IIA would give a 
D2-brane without any worldvolume gauge field. 

We can proceed in analogy and define the dimension of an operator by the volume of 
an M2-brane that extends in time and wraps a two-cycle. The main subtle difference is 
that in our case, we will not be able to have this operator uncharged. When we place 
our ]V[2-brane on the manifold, utilizing our M-theory geometry (3.31 1, M3 = [t, 9i, cpi] 
at constant values of xi,X2,ip,Xii and for the radial coordinate r = tq, we can then 
calculate the induced metric on this M2-brane to be 



d^^ 

^^ind,M2 



/(^l/^2) 



^1/3 
.2 



rldt^ + ^{del + sin^ Qidcpl) + f^^'^^^^^ cos^ eid(pl 



x{ + 2/27 
9A 



(3.56) 



where A is given by (3.181. We see here that we will have non-zero fi(l) charge, 
as there seems to be no way of getting rid of the fibration represented by the term 
cr^ = dip + cos9id(pi. The energy of this M2-brane is given in terms of the complete 
elliptic function of the second kind E as 

Ai/2 



ro— rf0iy/(xi,X2) cos^^i + sin^^i 
!(A/W) + V7E(^y/l-/-i) 



(3.57) 



After lengthly algebraic manipulations one can show that the minimum of the energy 
as a function of X\ and X2 is at x\ = X2 — and has the arithmetic value Ej^i^ ~ 0.039ro 
(note our choice for gs in footnote 8). 

In a very similar way, we can calculate the central charge at this conformal point, 
by defining it as proportional to the volume of the internal six-manifold. We will 



study the central charge in more detail in Section 4.2.4 Since the results there can be 
specialised to the constant value obtained at the fixed point, we will postpone this 



study until Section 4.2.4 
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4 Dualisation of the Klebanov-Tseytlin Background 



Let us now turn our attention to non-conformal backgrounds. One can start with the 
KW solution and break conformal invariance by adding M fractional D3-branes i.e. 
D5-branes wrapping a contractible two cycle of T^^'^^ as in ||59ll20ll2T|| . This modifies 
the field theory to be SU{N) x SU{N + M), hence no longer conformal. In fact this 
theory has a rich RG dynamics undergoing a sequence of Seiberg dualities to lower 
rank gauge groups as one proceeds to the IR (see Il60ll for a careful summary). In the 
IR, strong coupling dynamics takes hold giving rise to spontaneous Z2M-syinmetry 
breaking and confinement. 

For the time being let us concentrate not on the full solution of Klebanov and Strassler 
| |2H but rather on the simpler case of Klebanov and Tseytlin (KT) that appeared earlier 
l|20ll . This background gives a good description of the UV of the duality cascade, but 
is singular in the IR (where the strong dynamics cures this pathology, replacing the 
singular conifold with the smooth deformed conifold). 

One of the purposes of this section then is to develop our 'intuitions' on the effect of 
the non-Abelian duality on cascading geometries. All of our results will be trustable 
away from the singularity, placed at the origin of the radial coordinate (that will be 
labelled by u below). The philosophy adopted here, will be that the generated back- 
ground 'defines' a dual QFT, that we will start to understand with the calculations 
proposed in this section. 

The geometry is given [20 J by 

UsIq = e-3(^+4C)ds§ + dsl , (4.1) 

where 

dsl = du^ + e^'^dxl^^ , (4.2) 

is a deformation of AdS^ and 

^2C 2 g2B 

dsl, = -r Y^i'^^i + sinefd(pf) + — (rfi/^ + cos Oidcpi + cos 02^2)^ . (4.3) 
° i=i ^ 

^"^The dilaton is zero so that there is no difference between string and Einstein frame. 
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It is convenient to define the natural forms 

1 1 

e^' = —^dOi , e'^' = smOidcpi , i = 1,2 , 
v6 v6 

I 

e'f = - {dtp + cos Oidcpi + cos didcpi) , (4.4) 

a;2 = 4=(e'^' Ae-^i Ae^2) . 
V2 

Note that the above one-forms are not the frames defining the metric since they are 
missing the appropriate exponentials. The fluxes are given by 

B2 = -ra;2 , fs = --Pe"^ A Cjo^ , 

F5 = Ke"^ A A e-fi A e^^ A _ K£>4A-|(b+4C)^^ ^^^^^ (4 5) 

and the dilaton is, as explained, vanishing. Since it is needed for the dualisation below, 
we also give, using ( 2.48[ >, the expression for 



F7 = - (★fg) = -Pe4^+4/-14'?^j^ /\ ^^^^3 /\ ^2 . (4.6) 

The functions A, B, C, T depend only on the radial direction u, whereas P is a con- 
stant. Introducing the functions 

f = -\{B-C), g = A(B+4C). (4.7) 
one finds that the BPS conditions lead tcP^ 

X=Q-Pr, A = q + y-^T, (4.8) 
as well as to a set of first order non-linear system of equations 

du 

^ = -le^f-^^ (1 - e-W) , (4.9) 
du o \ ) 

^ = le-4^+4/ ^3 2,-10/) _ 1 (Q _ pr).-iO'? . 
du 15 V / 6^^ ^ 

One may check explicitly that the flux equations and Bianchi identities are satisfied 



11 



there is a sign convention choice Phere = — f in ||20 



33 



on these BPS equations. The dilaton equation is also satisfied by virtue of the identity 
We recall the special logarithmically running solution of KT. This is constructed by 



setting the function / = 0, which is consistent with the system (4.9) and changing 
variables as 

^ < ,^ . dr 

(4.10) 



r 



One finds the metric 



ds^ = h ^^^dxf 3 + h'^^^ {dr"^ + r^ds\i^i^ , h = bo + ^ ln(r/r*) , 



r= f -Pln(r/r*) , K = P^\n{r/r 



_P2 



(4.11) 



where f , and bo are integration constants. The latter should be set to zero in order 
to decouple the dual QFT from gravity. Then clearly, the gravitational description 
breaks down at r ^ r*. However, already at a larger radius at which the function 
K{r) vanishes the gravitational force has changed sign. This indicates that one needs a 
non-singular completion of this solution towards the IR, which was achieved in |2T| . 
In what follows we shall keep the solution completely general and given in terms of 
the functions entering into the BPS equations. Only final results may use the explicit 



expression in (4.11 ) 



4.1 Dualisation of the background 

We proceed now to indicate the result of performing a non-Abelian T-duality on the 
geometry ( 4.1[ >-(4.5 1. We will use the general results of Section 2 and Appendix C. Our 
gauge choice will be given by the second of the choices in ( 2.44[ >, i.e. Vi = 0. We 



note that the result of this dualisation for the special solution (4. Ill have been already 
presented in |[17|. 



We implement the dualisation with the same gauge fixing as before using (2.44 1. The 



matrices k and A are the same as in (3.16), but 



= (^-SVSe-^-^ smipV2 ,3V3e~^~^ smipV2,^e~^^V^ , V = 6v3-T. (4.12) 
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The procedure leads us to define a set of frame fields 

c c 
= ^d9i , ^ = ^ sinOidcpi , (4.13) 
v6 v6 

We also have that 

= "8TW (^'"^^'^^^^ - e^'^v^i^^dv, ± V^.2B^3) j ^ 
e'l = T^e^ (2(.2«+2C + 27z;2)dz;2 + Vz;2(9dz;3 ± x/^e^Vs)) , (4.14) 



where we have made a frame rotation as in (3.21 1. In the above we have defined the 
function 

such that the dual metric is given by 

,2C 3 

"6 



= g-i(B+4C)^g2 ^ ^(^^2 ^ gij^2 ^^^^2) ^ J- ^^^^^^^ ^ 

fl=l 



(.-i)2 + (42)2 ^ (^^^)2 ^ _^ I 4(^2B+2C + 27.2)^.2 (4.16) 



+ 3(26^^ + V'^)dvl + 36Vy2 ^^2 dvo, + 4e2B+2Cy2^2 

We can either choose the e+ or the e_ triads. In the following we will prefer in 
accordance with footnote 7. Note that there is also a removable bolt singularity at 
^2 = provided that the range of i/? is restricted to 2/1 or tt depending on whether vi 
takes values in the half or entire real line, respectively, i.e. footnote 6. This metric has, 
besides the obvious Poicare symmetry of the dx\.^ factor, an 511(2) x 11(1)!/, isometry 
as in the case of the T-dualised Klebanov-Witten background. 

There is also a NS antisymmetric tensor given by 

g ^ ^ ^ f- V2£'Ce'i + e-Cyi'^ a ^) (4.17) 
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and a dilaton 



= W 



(4.18) 



The above background does not get any more singular than the original one. For 



instance the dilaton in (4.181 never blows up. However, it still has any singular be- 



haviour inherited from the original background, e.g. when (4.11 ) is used. 
The Lorentz rotation is given by 



A' 



-1 + 



81W 



\ -12V3e 



B+3C 



V2 



(4.19) 



The spinorial counter part of this rotation is 

O = -^^Tn (-V2e^+^^Ti23 + Sv^e^^zTz + e^VTg) . (4.20) 
Using the diagonal combinations /, g defined in ( 4.7[ ), the fluxes are (the Ramond fields 



are obtained by the right- action of O in (4.20 1 on the flux bi-spinor). 



P 
9' 

^-3q-2f 



{IK - PV)e^i A e'fi - PVe'^ A e'^ + 3\/6Pe^^U2e'^ A 



-^1 A e'^i A 



(4.21) 



Provided the BPS differential conditions (|4.8[> and (4.9) are satisfied, these fluxes obey 



the Bianchi identities and ensure that the Einstein equations are obeyed. Notice that 
the mass Fq is quantised naturally by P which measured the number of fractional 
branes prior to dualisation. 

We also obtain the higher forms 

g-6(?-4/ 



f6 



9 

g-3'?-2/ 



Vol(AdS5) A {3y/6e^fKv2e'^ - 3V3e^''+^fPv2e''^ + {e^'^^^fp + KV)^^ , 
Vol(AdS5) A - 3^/6e'fPv2e^^ A e^i A e'^ - PVe^ Ae'f Ai^ , 

(4.22) 



9V2 

+ (2K-PV)e'i Ae'2 Ae^ 
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p 

f 10 = - ^ Volio 



which turn out to be the related to the lower ones as dictated by ( 2.48[ >. Not sur 



prisingly, the whole structure is very similar to what we have already seen in the 
Klebanov-Witten case. In that respect we mention that the dualisation has not in- 
troduced any new singularities to the background in addition to those that might be 
initially present, e.g. for the solution ( 4.11[ >. Indeed, notice that the function W is 



nowhere vanishing and therefore the string coupling is clearly bounded. 

Also useful for us will be the (rather pleasingly simple) expressions for the RR poten- 
tials which are found using ( D.5[ >. They read 



Cl = -^(Q-3Pt^3)^r3, 



C3 = - — (^{6Qv3 + TQ-3PTv3)-9P{vl + vl)yiAcr2A(T3. (4.23) 
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4.2 Probing the dual geometry 



In order to learn lessons about the new configuration described in ( 4.16[ >-(4.21 >, we 



will perform some calculations with its geometry and fluxes. In the Klebanov-Tseytlin 
case these calculation provide an understanding of how field theory features are en- 
coded in the background. The goal here will be to gain a similar understanding of the 
behaviour of a dual field theory using the geometry and fluxes as a way of defining it. 

We will observe that various quantities, when calculated in the transformed back- 
ground present qualitatively similar (or the same) behavior as in the original KT-case. 
One may think then that one is capturing the result of a correlation function that is 
"uncharged" under the group of transformations used by the non-abelian T-duality. 
Ideas of this sort were used in the context of other background-generating techniques. 
See for example BMl and BU. 

We will start by defining a couple of "geometric" cycles. 
4.2.1 Two and Three-Cycles 

In the original KT geometry (4.1[|-(4!5]>, there is a two-cycle defined by 

61 = 62, (pi = 2n-(p2, ^ = ^0- (4.24) 
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Notice that the definition above is such that the L/(l)-fibration coming from the term 



+ cos6id(pi + cos 62d(p2 , 

vanishes. We use this criterion (absence of fibration) to identify a two cycle in the 
T-dualised geometry. Let us consider the sub-manifold defined by 

E2 = [di, (Pi], v2 = V3 = il^ = 0. (4.25) 

We can check that the fibration term that appears in the vielbein vanishes, together 
with any contribution coming from e'j. and e'^. Hence, after the T-duality, E2 is a well 
defined two manifold (actually we only need for that V2 = and V3,ip = const.). The 
two-cycle of ( 4.25[ >, will be used below. 



Let us now define a three-cycle in the geometry. Consider the submanifold 

L3 = [^1,^1,1/?] , V2,V3,u = const. (4.26) 
The three vielbetns e^, when projected to this submanifold read. 



,1 VUv2e'^+^^ ,2 V6Vv2e^^+^ .3 2z;|^«+2C 

= — 81W — = sm^""'' '+ = ^n^' 



The induced metric and the NS antisymmetric tensor on the three cycle are 



dsl = ^ {del + sin^ 9id(pl) + — ^^yy— + cos^id^i)^ , 



2C 



T 
6V2 



while the expression of the dilaton is given in 4.18 

We propose that the cycles above will play an important role in the study of this ge- 
ometry and some of its field theoretical aspects. To make this claim more solid, we 
will study possible field theory observables, computed by brane probes that partially 
wrap the cycles above. We will start with domain walls. 

4.2.2 Domain Walls 

All the material in this section should be taken with an important caveat: domain 
walls are characteristic effects of the IR dynamics, while here we have a singular ge- 
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ometry in IR (the singular behaviour inherited from KT). We will derive expressions 
that in principle, should be evaluated at the origin of the radial coordinate, which 
would lead to ugly divergences. But that is not something of concern as the calculation 
should be performed in the backgrounds we obtain once we consider the non-singular 
geometries — see Section |5| The point we want to understand what object should be 
identified with a domain wall after the duality. We will observe that in the simplified 
KT-case of this section, it is easy to identify the probe whose interpretation in the dual 
QFT will be that of a domain wall. 



A domain wall in the KT-background (4.1)-(4.5) is defined as a D5-brane extending 
along the manifold 

T.e=[R^'\e2,(p2,tl^]. (4.28) 
We calculate the corresponding Bom-Infeld action for this D5-brane and obtain 

T 



^Sind,D5 = ^ 



1,2 



g2C g2B 

+ — (cr2 + (r2) + — (r| 



924>2 



sin 07 



[eff 



X , 



(4.29) 



where the effective tension is 



T, 



eff 



9V2 



(4.30) 



Mo 



In the computation we kept 6\,(pi,u 
fixed. 



uq as well as the extra Poincare coordinate X3 



After the non-Abelian T-duality transformation we need to specify what object will 
represent a domain wall. We may reason as follows: we started with a D5-brane 
and non-Abelian T-dualize in the three directions of the brane {02,(p2,^), so we end 
up with a D2-brane. We then propose that the domain wall in the new geometry is 
represented by a D2-brane extended in R^'-^ and placed at a particular point in the 
internal space. We will set the rest of the coordinates 



V2 = V3 = 61 = (pi = tp = 



(4.31) 



and keep the extra Poincare coordinate X3 and the holographic coordinate u fixed. Let 
us calculate the induced metric and BI action for this putative probe D2-brane. For 
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this we will need that 



VV\v2=V3=f=(pi=ei=0 — ^^1^ 



and to recall ( 4.18[ >. We then calculate the corresponding BI action 



^4d,D2 = e^^-'-^dxl2 , Sd2 = -^eff ^ d^+^x , (4.33) 

with 

r„ = ro/"-"Pf + ^^)'" . (4.34) 



The two effective tensions in (4.30 1 and (4.34) are in agreement up to a constant factor! 



This suggests that when we deal with the whole non-singular KS/baryonic branch 
background-after transformed under non-Abelian T-duality, see Section |5]- the D2- 
brane we studied here will be an actual domain wall in the QFT dual to the trans- 
formed non-Abelian T-dual geometry. 

Another quantity that in a less subtle way will behave similarly (will be "uncharged" 
under the non-Abelian duality) is the Wilson loop. Let us comment briefly upon that. 

4.2.3 Asymptotics of R^'^ x R and Wilson loops. 

Let us study the asymptotic behavior of the Minkowski and radial part of the space by 
specializing the internal coordinates as in ( 4.31[ ). Then the metric of the five-dimensional 



space i.e. (4.1|-(4.2| reads, 

^-§(B+4C)(^^2^g2A^^2^)_ (4.35) 

There is no mixing term coming from the "internal" manifold (the B field does not 
induced a new term in the guu component of the metric). This implies that asymptoti- 
cally, the space will behave like the Klebanov-Tseylin one and that a simple rectangu- 
lar Wilson loop [621 , calculated as a string on the configuration 

X = (T , t = T, u = u{a) , (4.36) 

will proceed along the same lines as before the T-duality transformation is performed 
(for general formulas see Il63i |64| '). We could think that this particular Wilson loop 
is 'uncharged' under the duality. Hence, the short distance behavior of the quark- 
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antiquark potential will be the same in the transformed dual field theory, exhibiting a 
Coulombic behaviour with a logarithmical running charge. 



Let us analyse the radial behavior of the dilaton. Using (4.31 ) the transformed dilaton 
(which — we remind — is constant in the KT case) goes like. 



oi 



where we have indicated the behaviour for the specific solution (4.11) (with bo = 0) 
and similarly in the following two expressions. 

Let us finally propose an object that calculates the 't Hooft line (and the potential 
between two magnetic monopoles). In the KT geometry, this is usually identified with 
the 'Wilson loop' for an effective string associated with a D3-brane probe that extends 
on R^'^ and wraps the two-cycle in (4.24). The presence of the NS B-field must be taken 
into account. We get an effective tension given by 



471 



'eff 



Td3 e2^-i(B+4C)^2e4C + T2^ r2[ln(r/r,)]i/2 . (4.37) 



3V2 

The last behaviour is valid for large values of the radial coordinate, so our previous 
comment on domain walls applies here too. (we should actually be calculating these 
quantities in backgrounds without IR singularity, like those in Section |5]). 

After the non-Abelian T-duality, we propose that the same observable is computed by 
extending a D4-brane on R^'^ and wrapping it over the three cycle E3 in (4.26). The 
effective tension in this case is given by 

T^ff = ^if^ e2A-i(B+4C)^2e4C + T2 ^ r2ln(r/r,) , (4.38) 
9\/3 



where, as discussed below (4.16), we have used that the range of the angle i/? is [0, n] 
to avoid a bolt-singularity. In summary, for the 't Hooft loop (defined this way), we 
are not obtaining exactly the same functional form. It remains to study the functional 
form and values in the IR-smooth case, which we will do in Section [6| 

We will now study two other quantities that when computed before and after the 
non-Abelian duality show the same qualitative behaviour in a quite interesting way. 
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4.2.4 Central Charge and Entanglement Entropy 



To assess the central charge we follow the procedure explained in pO|. If it is imple- 
mented in full generality one should reduce to a one-dimensional action depending on 
the unknown functions entering into the solution. In turn this should then be recasted 
as a five-dimensional gauged supergravity from which the central charge function 
may be determined. Fortunately [31] spares us of this technically challenging reduc- 
tion by giving some general results that after a small modification are applicable here 
as well. For a ten-dimensional metric of the form 



ds^ = DC rfxf 3 + a:/3 du^ + g/y d&d& 



and calling 



we can define the functions 

such that the Einstein frame five dimensional metric is 

dsl = K{dx\'^ + j6 du^) 
and this in turn, implies a central charge 

Let us test this formula above for our KT-metric in ( 4.1| ). We have 



_ 2A-2/3iB+AC) a _ -lA yl _ l^^J ^ 

Itt' 1 

Now, let us analyze things after the non-Abelian T-duality. The functions are 

^ ^ ^2A-2/3(B+4C) ^ ^ ^ ^-lA 
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After a short calculation one finds that 



int 



6^2 



.2 ^B+4C 



n e 



dv3 / dv2e 



-2$ ^2 



81W ' 



H = 24^. 



.6A 



dU3 / 



81 



and this will in turn produce a central charge 



c ^ 



dV3 / rfU2 



V2 



1 



81 J A'3 ■ 



(4.40) 



At this point one can immediately see that the central charges before and after duality 
match up to a single RG scale independent coefficient (the integral appearing in the 
result above). In fact this is not a coincidence. As discussed in ( 2.46| >, the "measure" 
is an invariant of the duality up to a factor arising from the Fadeev-Popov 
determinant. Indeed the integral in ( 4.40[ > can be understood as the space time integral 
of the FP determinant and is completely determined by the global properties of the 
dual coordinates. This being so, follows the invariant of the central charge in the 
manner displayed above. 

In exactly the same way the central charge was analysed, we can study the Entan- 
glement Entropy ||65|. Following equations (7)-(10) of IISTI , we see that the integral 
defining the entangled entropy (for the case of the Klebanov-Tseytlin background) is 



S 



1 (47r)3e- 



j ^ ^e^^^l + e-^^{dxu)2dx 



(4.41) 



4Gio 108 j-i/2 
While if we compute things after the non-Abelian T-duality, for the same reasons as 



explained around (2.461 we will have a nice cancellation of the transformed dilaton 
and the involved combination we called W. We will then obtain, for the entanglement 
entropy after the non-abelian T-duality, 



S 



2471^ 



JdV3jdV2^ 



I6G10 



72 



1/2 



,3A 



l + e-^^{dxuydx. 



(4.42) 



We see again, that like with many other quantities described above the non-Abelian 
T-duality preserves the dynamical content of the central charge and the entanglement 
entropy. These will behave equally in the original Klebanov-Tseytlin cascading theory 
and in its non-abelian T-dual field theory. 
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Let us close this sub-section giving another argument explaining why the central 
charge (and similarly the entanglement entropy) should be invariant under the non- 
abelian transformation. In the case of the flow between AdSs x / Z2 and AdSs x T^'^ 
the corresponding central charges obey 

^ = I . (4.43) 

Cuv 32 

After non-abelian T-duality, the corresponding "UV" geometry will just be some Z2 
quotient of the Gaiotto-Maldacena type geometry found in [lOJ and the "IR" geometry 
the result provide in the preceding section (the Klebanov-Witten transformed). One 



then can say that the ratio of Cir/ Cuv in (4.43) will also be preserved. Indeed exactly 



this result was obtained directly in ||26|. It is satisfying to see a different interpretation 
for it. 

We will now focus on a quantity that will display a qualitatively different behavior 
before and after the non-abelian T duality. This is probably linked to the changing 



behavior of the dilaton (respect to the constant value in KT) obtained in (4.211. We 
will move on to study a possible definition of the gauge coupling in the dual QFT of 
the background of eqs.( |4.16[ >-( |4.21[ >. 



4.2.5 Definition of a 4-d gauge coupling 

We want to give a possible definition of the gauge coupling of the field theory dual to 



the geometry of (4.16 ). We begin by reviewing how things work in the KT-background. 

In the case of the Klebanov-Tseytlin background, one defines two gauge couplings 
in terms of the quantity bo, 

^»=4^i«- 



= ne ^[1 + bo] , — = ne ^[1 - be 



Si gi 

47r2 _^ 471^ _^ 

= ne =71, = ne bo , 

g+ g- 

where we have defined also the diagonal combinations g^. in the usual way. These 
definitions arise when considering String Theory on the conifold (actually for strings 
on ArfSs X S^/ Z2). In the context of the KT-background, there are more practical ways 
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of getting the information encoded by the coupling : 

• To consider the Action of an instanton e~^'"^^^ = e and equate it with the 



Action of an euclidean Dl brane wrapping the two-cycle of (4.241. The presence 



of the background B-field needs to be considered in the BIWZ Action. 



• To consider a probe D5 brane that wraps the two cycle in (4.24 1 and that contains 
a gauge field in the Minkowski part of its worldvolume. It is again crucial to take 
into account the effect of the B2-field with nonzero projection on the two-cycle 
and worldvolume of the brane 

In summary, the calculation gives (in both cases described above). 



-InTusKrf'-e^^^X + ^^Xnr. (4.44) 

The high energy /large radius logarithmic behavior is the expected one in a four di- 
mensional QFT. 

After the non-abelian T-duality have acted upon the KT-background, we would 
like to define the gauge coupling in the dual QFT. We find again two possible defini- 
tions (that as above will agree): one in terms of a D2 brane that wrapping our three- 



cycle of (4.26) will behave as an instanton, the other in terms of a D6 (with a gauge 
field in its Minkowski directions) that wraps the same three-cycle. In broad lines the 
calculations go as explained below. The first definition considers an instanton and 

uses that e"^'"^* e . An instanton in our background is given by an euclidean 

D2 brane that wraps the three cycle described above. Its action will be 

Sd2 = -Tm [ e-^Jdet[gab + Bai,] + Tiy2 [ C3 . (4.45) 
So, we can associate 

-Tm ^ e'^^det[gab + Bab]. © - J C3 . (4.46) 



The induced metric and the B2 field that are relevant for this calculation are 

dsl = —{del + sm^0id(pl) + — ^ (dij) + cos 9 idcpi)^ , 

82 = - sin OidOi A d(pi . (4.47) 
6V2 
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So, we can calculate 

J_ ^ Td2 V2e4C + r2 . (4.48) 

Notice that the units are correct. The tension of the D2 together with the volume of the 
three cycle cancel to give something dimensionless. Similarly, with the C3 field asso- 



ciated with f4 — see (4.23), we can calculate the anomaly associated with the changes 
in the theta-angle. 

The definition in terms ofD6's: 

Suppose that we consider a D6 brane wrapping the three cycle Z3 extended along 
R^'^ X {61, (pi, xp) . We will also turn on a gauge field on the Minkowski part of the D6 
We will now calculate 



12 



Sm=-Tml e-^Jdeigai,-{2noc')Fab + Bai, + Txi6 1^ I C7 + C3AF2AF2. 

(4.49) 

If the three-cycle is calibrated, then in an expansion for small values of a', the first 
term coming from the square root and the one coming from the WZ term proportional 
to C7 should cancel. It would be interesting to check if this is the case. The second 
term in the expansion should give the gauge coupling and the anomaly. 







Focusing on the gauge coupling, the induced metric and action are 

det[g,, + B,, + Ina'F,,] = gt^ (l - g«g-f ^ ) [2e'^ + T^] - 

Now we can expand for small values of a' or small electromagnetic fields to get 

Sm = \ [ d^^^x f 2 , (4.50) 
SI J 

where the pref actor of the Maxwell term is identified with the gauge coupling which 
is found to be 



gl 9^3 



Notice that aside form the constant-factors we have the same expression as in (4.481 



-using a different initial definition. As with the previous definition the units are 



12 



It is enough to consider just the Ftx component to see the argument working. 
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correct. To close this section, let us observe that if we fix V2 to a constant and we use 
the leading asymptotics, we will have a behavior for the gauge coupling 



1 



(Inr; 



,3/2 



(4.52) 



This rather strange scaling perhaps suggests that the field theory might be different 
from a conventional field theory. Comparing with ( 4.44[ >, it is clear that the new gauge 
coupling is not behaving as a typical coupling in a 4d-theory. Another possibility is 
that the quantity we have defined is not related to the four dimensional gauge cou- 
pling of the QFT. 

In hand with the non-conventional beta-function derived from the above behaviour, 
we can study anomalies, associated with changes in the ©-angle. Indeed, with our 
definition of the gauge coupling, naturally comes a definition for the angle, as we 



stressed in (4.461. To calculate the integral of the RR-three form on the three-cycle 
defined in (4.261, we use the expression in (4.23). We will focus in the case Q = — 
well motivated, as this is the case in the smooth geometries that IR-complete the KT- 
background — and we will also choose V3 = 0. The result of the angle is 







/ C3 



(4.53) 



Hence, changes of in integer multiples of 2nn imply a periodicity in the V2 coor- 
dinate or a quantisation on the changes of V2. Similar reasoning applied to the KT- 
background gave a result for a anomalous breaking of the R-symmetry. In this case, 
we emphasise that the symmetry is not the U{1)r R-symmetry (associated with trans- 
lations in the angle xp). 

So, we have analysed different dynamical quantities with the goal of narrowing or 



defining the possible field theory dual to our background in eqs.(4.16l-(4.21 1. It is of 
interest to analyse the behavior of quantities that are either gauge invariant, conserved 
or quantized like Maxwell and Page charges. We turn to this now. 
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4.3 Maxwell and Page Charges 



Before the non-abelian T-duality, we calculate the Maxwell and Page charges [|67| of 
D3 and D5 branes, 

1 /■ ^ K(r) 

QMax,D3 = 7TZ~T\ / ^5 = 7^ - Nc Inr , 

QMax,D5 = A / f3 = • (4.54) 

This shows the usual logaritmic growth of the D3 brane charge, linked with the loga- 
rithmic deviation of the geometry from the AdSs Klebanov-Witten fixed point. Also, 
the Maxwell charge of D5 branes is quantized. We can also compute the Page charges, 

ie2,(p2,ip 

1 f ^ „ ^ K+TP Q 



Qpage,D5 = fg - B2 A fi = , (4.55) 



QPage,D3 — /-.^ A^ / ^5 " ^2 A F3 — — — — — . 

The quantity Q is usually taken to zero, it indicates the number of "free /mobile" D3 
branes on the conifold. In the full solution with a good IR behavior (the Klebanov- 
Strassler background or its baryonic branch counterpart), one takes Q = 0, precisely 
to avoid singularities. 

All this analysis is valid and standard before the non-abelian T-duality. Let us 
analyse things after the duality. We follow this logic: we have D3 branes to begin 
with. We will perform the non-abelian T-duality in the directions [62, (p2, ^] ■ This will 
generate D6 branes. To calculate the Maxwell charge of D6 branes we should integrate 
the expression for F2 specialized on the cycle in ( 4.25[ j^ 



QMax,D6 = / F2 = ^ • (4.56) 



We should compare this with the Maxwell charge of D3 branes, in (4.541. Following 
the same logic in the case of the D5 branes, we can define 



QMax,D8 = V2 J Fq 



V2P 



that can be put in correspondence with QMax,D5 in (4.54 1. Let us now calculate Page 



^^The nomalization factor is chosen arbitrarily to match with previous expressions 
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charges 

n - 

^Page,D8 — ^ • 

Notice that we can make a correspondence also between Page charges (before and 
after the duality), if we choose Q = as above. 

Using these Page charges, one can play a game similar to the one in ||66ll , to get a 
hint on what is the fate of Seiberg duality after the non-abelian T-duality To this we 
now turn. 



4.4 Maxwell, Page and Seiberg. 

In this section we study the fate of Seiberg duality, after the non-abelian T-duality. 

We will define the geometric version of "Seiberg duality" in the Klebanov-Tseytlin 
quiver (before the non abelian T-duality), to be the operation that changes in integer 
units, the Maxwell charges (after a given change in the radial coordinate) or equiva- 
lently, as the operation that changes the Page charge after suitable large gauge trans- 
formation in the NS-B field (at a fixed value of the radial coordinate). Both these 
equivalent definitions were introduced in |l66i. We will follow that logic after the non- 
abelian T-duality and we will learn that in the generated background/ dual QFT, there 
seems to be a Seiberg duality at work. The result suggests some ideas for the generated 
quiver field theory. 

4.4.1 Seiberg duality before dualisation 

Let us start by summarising the approach to understanding the geometric realisation 
of Seiberg duality in the background prior to dualisation. Before the T-duality we have 

^^The Page charge of D4 branes is formally given by. 

If 1 

Qpaee,D4 = / F4 " ^2 A F2 + -B2 A B2 A Fq; 

but its interpretation is not clear, as we did not find a well defined 4-cycle to integrate on. 
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the D3 charges given by 



QMax,D3 — ^ / ^5 



Xg 108 
Qpage,D3 = « |^ fg - B2 A = (^(r) + PT{r] 



We have left the coefficient a. undetermined. From the previous subsection we know 
that 16n^(x = 1 and K{r) = Qfree — PT{r). The restriction of the NS field on the two 



cycle of (4.241 gives 



~ — psin^irf^i Adcpi. 
3v 2 



From which we can define 



47r2 ./e2 3nV2 ' 

The logic to follow will be this: we will consider two ways of changing bo in n (integer) 
units, 

bo^bo±n (4.57) 

• by changing AT(r) = ±3n\/2n 

• by changing 

flTZ 

B2 ^ B2 ± — (sin^id^i A d(pi - sm92d92 A d(p2) ■ 

The change in T{r) occurs as the radial coordinate varies. We will apply this change 
to the Maxwell charge. The large gauge transformation is performed at fixed radial 
coordinate. We will apply this to the Page charge. The idea is that both changes are 
the equivalent of performing a Seiberg duality Il66i . 

Let us first apply AT = ±37r-\/2n to the Maxwell charge. We obtain, 

AQMax = = ^^(AQfree " = "^^O^"^^ ' 

437^4 

AQMax,D3 = 
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Now, we calculate the change in the Page charge under a large gauge transformation 
in the B2 field. 

AQpage,D3 = A f 3 = ±<xPn^^. (4.58) 

So, we see that under these two different changes, the change in the Page charge equals 
that of the Maxwell charge for D3 branes. Plugging specific values of P, a we see that 
this amount to a change in the charge of AQ = ±nM, this is the effect of n Seiberg 
dualities on the Klebanov-Tseytlin-Strassler quiver field theory. 



4.4.2 Calculations after the non-abelian T-duality 

Now, we will review this calculation, after the non-abelian duality. The object of study 
are D6 branes whose Page and Maxwell charges we recall are given by 

f An 
QMax,D6 = a J^^ F2 = a^(2K(r) + PT(r)). 

f 4/1 
Qpage,D6 = & j^Fi- FqBi = cc^^{lK{r) + PT(r) + 9for). (4.60) 

After the non-abelian duality, we have that 

1 r „ Tir) 



B 



47r2 671 a/2' 



For an integer k, the two possible ways of changing Afco = are by moving radially 
such that 

AT = ^enVlk, 
or by performing a large gauge transformation 

AB2 = nnsirvOdOi A d(pi. 

We will now calculate, the change in the Maxwell charge, under a change in AT and 
the change in the Page charge, under a change in the B2 field as specified. We have 

4/1 4/1^ 

AQMax,D6 = P^^^') = ^^^P ^ ■ (4-61) 



we use 

K = -PT, P = 9Fo, aVl = olUti^. (4.59) 

we obtain that Maxwell and Page charges are invariants under the non-abelian T-duality, as we saw in 
the previous section. 
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We now calculate the change in the Page charge, under a large gauge transformation 
in B2 and we get. 



471^ 



AQpage,D6 = ±^ 47r^fo k = ±a— P k 



(4.62) 



We used eq.(4.59 1. We then see that 



AQMax,D6|AT(r) — AQPage,D6|AB2- 



Using the values for a, a. in (4.59), we observe that whenever the Page charge of D3 
changed in 2M units, the Page charge of D6 branes — after the non-abelian duality — 
changes by M units. Indeed, comparing (4.581 with ( 4.62[ > 

A 47^2 



4^71" 



AQpage,D3 = AQpage,D6 



-Pk. 



(4.63) 



Hence, since we associate changes in the Page charge by M units as a Seiberg duality 
applied on the quiver — ^before the non-abelian T-duality. We see that a change in M 
units in the KT-quiver reflects in a change in 2M units in the transformed QFT. 

This may suggest some ideas for what is the quiver after the non-abelian T-duality. 



4.5 A summary of this Section 

Let us summarise the results of this long section: we have constructed the non-abelian 
T-dual of the Klebanov-Tseytlin background. We learnt about the QFT dual to our new 



background in eqs.(4.16 )-(4.21 ) by performing different calculations using the geomet- 
rical description of this field theory. Among these, we learn about the (would-be) do- 
main walls, Wilson and 't Hooft loops, gauge coupling, central charge, entanglement 
entropy, conserved and gauge invariant charges. We also got a glimpse at the existence 
of an operation like Seiberg duality. Our transformed background is probably dual to 
a QFT that presents a cascade similar to the one of the Klebanov-Tseytlin-Strassler 
background. 

The information we gather, together with the one in the following sections may 
help in narrowing or deciding for a given field theoretical description of the back- 
ground. 

We will now move to study the full non-perturbative dynamics of this putative 
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QFT. We will do so by analising the non-abelian T dual of geometries, like Klebanov- 
Strassler, the baryonic branch of KS or the background produced by D5 branes com- 
pactified on the resolved conifold. These are smooth geometries that 'IR-complete' 
the KT-case analysed above. As expected, the resulting backgrounds will be quite 
involved (mostly due to the fact that we are loosing the 1/(1) associated with the 
Killing vector dip at the level of the metric). The contents in this section will give an 
orientation about the interesting observables to study. 

5 Dualisation of smooth geometries 

The purpose of this section is to apply the non-Abelian T-duality technique to three 
trademark backgrounds in type-IIB string theory, conjectured to be dual to N = 1 
SUSY QFT. The non-perturbative dynamics (confinement, symmetry breaking, etc) 
of the QFT is captured by the backgrounds and in this sense we will refer to them 
as "IR-complete" solutions of type-IIB. They are the smoothed out version of the KT 
background of the previous section. 

In Section |6| we will study QFT aspects of the backgrounds spelled out below. 
5.1 Dualisation of Wrapped D5 solutions 

An important class of theories are the wrapped-brane models. In what follows we 
will be interested in the the near brane geometry of D5 branes wrapping a two-sphere 
with a twist in the normal bundle to preserved Af = 1 supersymmetry [331. Iri the very 
far IR the gauge theory on the brane, described in p3l, reduces to pure (i.e. without 
matter) J\f = 1 SYM. In fact this shares many similarities with the "IR completed" 
geometry of the Klebanov-Strassler theory which we turn to afterwards. 

5.1.1 The wrapped D5 background 

First we give the vielbetns of this solution (as ever we are in string frame): 



dp , e' 




(5.1) 
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£3 = le*/2+fc(a-3 + cosM'/'i), 



in which the a's are the SU{2) left invariant one-forms given in ( 3.5| . This background 
is supported by a RR three-form 

+/4(ePAe^ Ae^i + e^Ae^i Ae^)) . (5.2) 

The functions f's above are defined by 

/i = -2Nc e-'-^S, /2 = ^ e-'-^^ {a^ - lab + 1), 

/3 = e-^-^-^ {a - b), /4 = ^ e-'^-''-^ b' . (5.3) 

The dilaton <1> and the other functions k, g, h, a, b depend on the coordinate p and 
obey BPS equations the details of which can be found for instance in the appendix of 

liHii. 



5.1.2 The Wrapped D5 dual geometry 

As before, we perform a T-duality along the SU{2) isometry under which the a's 
are invariant. As in the previous section we will chose a gauge fixing that sets 62 = 
(p2 = and introduces new coordinates V2 and U3 in the dual background. The duality 
transformation leaves the frames {e^' , eP, e^i, e*^! } invariant and acts by sending e\ 
To express compactly the dual geometry we find it convenient to rotate the frame 



fields in the 1-2 plane using the same rotation matrix as in (3.211. Also to express 
the results it is very helpful to recombine the dependence on the angular coordinates 
61, (pi, xp into a new set of SU{2) left invariant forms which we denote by coK 

We then find that 



8W 



^^The u's here are related to the &'s of [68] in the following way: (T\ = Co-i, CT2 = Cd\ and (73 = oJj, while 
the angles Q\, <p\ correspond to the angles Q, (p and also 62, <p2 here are the tilded angles of the previous 
paper . 



^"^The a;'s here are defined in the same way as the cr's in (3.5 1 but here instead of the angles 62, (p2 we 
have Qi,(p\- 
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e 



8W 



53 _ ^ 2 



+8V2V2{V2dV2 + V3dV3) , (5.4) 



8W 

and the T-dual metric is given by 

df = + {ePf + + + {^f . (5.5) 

The NS-two form field is 

62 = ^e'^ A + ^ /\ ^2 + ^ A U)2 . (5.6) 

2V2i;2 ^2 2 2z72 



The dual dilaton is given by 



$ = <D-^ln>V, (5.7) 



in which we defined 



W = det M = le^s+i^+^^ ^ ^ig+^^i ^ ^2^+0^2 _ ^^ ^^ 

8 

This geometry is supported by a cornucopia of RR fluxes with Fq, F2 and f4 all acti- 
vated, given by 



F2 = eS-'^ f 4V2 (cos tpeP A e'^'+sintpeP A e'f'')-e^-'^f2V3 e^' A e'f' 
- \^~^ h ( ^/2 sin I/; + 4 cos 1/; 173) (e^^ A e'^ + e^i A e^^) 

/3 (\/2 62^+*^ cos I/; - 4 sin 1/; ^3) {e'^^ A e'^ - e^^ A e'^) 



/3 z;2 (cos i/' A - sin 1/; e^i A e^) + e'^"^ /i ^3 e'^ A e'^ _ eS-^ /i z;2 e'^ A B 
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f4 = e^-^ /4 V2 eP A (sin ij^e^^ - cos i/'e'^i ) A e'^ A e'^ (5.9) 
-\^^~^ U{ \/2e2^+* cos - 4 z;3 sin ip) eP A (e^i A e'^ + e^i A e^'^) a 

+ /4 (\/2e2^+* sin i/^ + 4 cos V^)^'' A (e^i A e'^ _ g^i a e'^) A 

/2 V2e^' A e'fi A e'^ a _ g^i a e'^'i A e'^ A e'^ 

+e^-'^/3 U2(cos + sini/^e'^i) A e'^ Ae'^Ae^ 

Using Mathemat ica we have verified that indeed the equations of motion for fluxes, 
Bianchi identities, dilaton and Einstein's equations are all satisfied on the same set of 
BPS equations as the original geometry. 

5.2 Dualisation of Klebanov Strassler 
5.2.1 The KS background 



We now consider the Klebanov Strassler solution [|2T| in which the conif old is replaced 



with its smooth deformation so that the metric is given by 

dslo = h~^{T)dxndxn + {T)dsl (5.10) 



where ds^ is the metric of the deformed conifold. The details of supergravity solution 
can be found in section 5 of [|2T]|. The radial coordinate we now denote by T in keeping 
with the notation of ||2T| 
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So as to write the metric in a form compatible with our ansatz we find it convenient 
to introduce some functions which depend on the radial coordinate. The dictionary 
between the functions we use here and the original paper is as follows 

hr = zh{T)'2K{T) , h2 = gsM{f{T)+k{T)), h3=gsM{f{T)-k{T)) . (5.11) 

The functions /z(t),/(t), ^(t) obey BPS equations given explicitly in [|2T| and K{t) is 
a function fixed by the deformed conifold metric. The appearance of the parameter 
e which describes the deformation of the conifold can be thought of the supergravity 
dual of dimensional transmutation. 
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At large t the KS solution asymptotes to the KT solution with a the radial coordinates related by 



^ 2 T 

r ^ e e . 
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As with the KT solution the geometry is supported by an NS two-form, an RR 
three form and a RR five form whose details may be found in ||2T1]. Let us just remark 
that the RR three form interpolates between that of the KT solution at large t and, to 
prevent the infinite charge density origin of the singularity, something with support 
only in the non-shrinking S'^ at T = 0. 

As before we perform an non-abelian dualisation along the SU{2) action that acts 
on the coordinates {ip,02,(p2} and we choose a gauge fixing choice in which 62 = 
(p2 = vi = such that the coordinates of the dual theory are {T,x\xp,6i,(pi,V2,V3}. 
We express our results more compactly by writing derivatives of the remaining Euler 



angles as the left invariant Maurer-Cartan forms coi [ip, d\, (p\\ as we did in Section 5.1.2 



5.2.2 The KS dual geometry 

To express compactly the dual geometry it is convenient to introduce the combina- 
tions 

V = /i2 + V2V2 , U = cosh T/13 - V , 
W = det M = ^ (^cosh^ rhl + AV^ + 12 cosh tK^v^^ , (5.12) 

and the one-forms 

Ai = —Uco2 — a/2 cosh TU2a;3 , A2 = Ucoi — \/2coshT(ii;2 / A3 = coshTdu3 — V2CO1 . 

(5.13) 

Furthermore we perform a rotation of the dual frame in the 1-2 plane as we did in 



The frame fields in the dual are given by 

3 

^2 

e'l = i — [ - hi cosh tAi + 2VA2 + 6 cosh tK3u2 A3I , 

12WK3cosh2T 

1 

^2 

e'^ = ^ — [2/zi VAi + hi cosh TA2 + 12]<c3z;2(z;2A2 - VA3)] , (5.14) 

12>VK3cosh2T 
1 

^ = = \ \2h1V2 cosh tAi - 4V(P2A2 - VA3) + h\ cosh^ TA3I , 

4^3 cosh T 
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so that the dual metric is given by 

= h~hT)dXndxn + ^dT^+^smhTtanhT(col + col)+ V (e')^ . (5.15) 



i=1...3 



The NS 2-form is 



B 



^icosh2T^,T o cosh 2tVw9 .■^ cosh 2T ^^^^^ 
-e'^ A H e'^ Ae^ + e'^ A t02 (5.16) 



2V3K2V2 



V3K-2V2 



2V3K2V2 
and the dilaton is 



—1 — 1 

cosh tZY cosh 2 t cosh T — ho, 

— 3 AiV2 + — 1 e AC02- \ ______ coi A C02 



hi 



= — InW 
2 



2 cosh T 



(5.17) 



We will not quote the transformed RR fields. 



5.3 Dualisation of the Klebanov-Strassler-baryonic branch 
5.3.1 The baryonic branch background 

The geometry that describes the whole Baryonic branch of the KS field theory was 
constructed in | j22| . This background is given by the frame fields 
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e^' = eifi idx\ eP = e2+^h4.dp , e^^ = e^+^h^dOi , e'^i = e 2 4 sin 0i d^i , 

= je2~^Shi {(Ti — a sin^i d<pi) , 
g3 ^ igl+fc^i ((7-3 + cos dx d(pi) . (5.18) 



gi = yj+Shl(cr2 + adei), 



Notice the factor h dressing up the frame fields in comparison to the wrapped D5 
background in ( 5.1[ >. 

The metric, RR and NSNS fields are 

10 

;=1 



^^Our convensions here are related to the convensions of IIZl-lSl in the following way: 
^1,^1) = {0,(p), i02,(p2) = (S,^) and ai = w^, a2 = wi, crj, = 0)3. 
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B2 = K 



(5.19) 



Ho = -K 



62 



h 
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We have defined 



cosh(2p) - a . 2e^-S 

cos a. = — . , ' . — , sm a; = — . , ,^ , , 
sinh(2|0) smh(2|0) 



h = l- K^e^^ , (5.20) 



where k is a constant that we will choose to be k = e ^ requiring the dilaton to be 
bounded at large distances. 



5.3.2 The Baryonic Branch dual geometry 



We again perform the dualisation as outlined in section ( 5.1.2[ > however in this case the 
presence of the NS two-form field renders the resulting geometry rather complicated 
and in particular mixes the radial direction with the internal space. 

To express the dual geometry it is expedient to introduce a few combinations, 

]i\ = ae^ cos DC + 2e^ sin a , pi2 = cos a + 4e'' sin cc , 
V = 2y2z;3 + e2^+2'^cosa, 

U = aV + eS+^^Kfii , (5.21) 
and to introduce a one-form 

„2k+2^ 



A = dv-x — K- 



V2 



-dp , 



(5.22) 



that will neatly encode the mixing of the radial and internal direction in the metric. 
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Then T-dual vielbeins, after the rotation described in section (5.1.2), are given by 



16W 



ft/2 



16W 



+8U2(VA + e^+^'^KpiiV2C0i + 2V2v2dv2) 



(5.23) 



8W 



V2e'^^+Hv2iUcv2 - 2V2V2CV3) + V2V{V3A + 2V2v2dv2) 



+8V2eS+^^{V3KiiiV2CVi + e^Sh{A - av2COi)) , 



The metric is then given by 



(5.24) 



the NS two-form by 



2x/2' 



V2 



2^2: 



V2 



4x/2 



V2 



Noo2 



^p2^ ^p2k+2<i> 
lie , , \ o A Jh \ 

■— - — \a\]i\ + }i2)e^^ — 4e cosajo^i f\<xi2 — 



and the dilaton by the usual formula 



C03 Adp — — e A coi 



2hi 



(5.25) 



<!> = O- -InW. 
2 



(5.26) 



As a consistency check one can readily verify that these reduce to the results of the 
wrapped D5 system in the limit where — ^ 1. As before this geometry is supported 
by fluxes Fq, F2 and f4 the exact details of which we do not require at this stage and so 
omit for concision. 
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6 Analysis of the dual field theories. 



In this section, we will complete the analysis initiated in Section |4j As we repeat- 
edly emphasized, the study of many of the observables considered in Section |4] was 
incomplete, due to the fact that we were analysing certain low-energy effects in back- 
grounds that do not contain the information of the IR dynamics (as it is the Klebanov- 
Tseytlin background and its non-abelian T-dual transformed). The logic was that we 
were defining the way to calculate these observables in the simpler setting of the KT- 
transformed background. 

In this section we remedy this deficiency. We will study IR effects in backgrounds 
that are fully non-singular, containing all the information on the non-perturbative dy- 
namics of the dual QFT. We organise this section by presenting different observables 
and quoting the result when calculated in the non-abelian transformed of the follow- 
ing: 

• (wD5): The wrapped D5 background, that as explained in |l8l could be thought 
of as the "low energy effective theory" of the KS/baryonic branch backgrounds 

• (KS): The Klebanov-Strassler background. A specially symmetric case, with a 
four-dimensional UV dynamics. 

• (KS+bb): The baryonic branch, interpolating between both previous cases. 

To add clarity to the presentation, in what follows we mark the formulas by (wD5), 
(KS), (KS+bb) to indicate the case to which they refer. 

We start by writing explicitly the induced metrics and IR behavior of the two- 
cycle and three-cycle we defined in eqs.( 4.25) and (4.26), respectively. Then, we will 



go down our list of non-perturbative effects, drawing conclusions on the different 
characteristics of the associated dual field theories. 

6.1 Two-cycle and Three-cycle 

The two cycle L2 = [61, cpi] with V2 = V3 = xp = defined previously in the dual of KT, 



(4.25 1 is also well defined in each of the three cases that occupy us here. The induced 
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metric on the two cycle is given by 

{wD5) : ds^\z2 = e^^+^ + sin^Oidcpl^ , 



(KS) : ds^lz. 



hi ( - 8/z2% + cosh^ Thl + cosh t(4/z^ + 4hl - hi) ) 
A{4hl + cosh^ rhl) 

X (^del + sin^ 9id(pl^ , (6.1) 



+e^^{a^e^^ + e^^y^ cos^ a) [dOl + sin^ 
The volume of the cycle follows immediately. The IR asymptotics are (making use of 



EH and la 20)^ 



(wD5) : yoZ[E2] + ...., (KS) : yo/[E2] - + .... , 
(KS + bb) : Vol[I.2] ^p^ + (6.3) 

The two cycle vanishes in the origin of the radial coordinate. 

Let us move to the study of the three cycle defined in (4.261. The three cycle is 
defined by E3 = [6i,(pi,tpi] at constant values of the other internal coordinates. The 
induced metric on this cycle is given by, 

^2.2^+2$ „2.2g+2/c+2cI> 

(Z.D5) : ds'k, = + "-^{e^ + A?)) (a;? + c^) + C'\^ )col 

-( 4W " ( 2W ^""^ ' 

/..^x ,9, /^i , , h^U^ , , cosh t/z?z;o . , 

1 ^2g+2fc+2<D7 /2 ^,2p2g+2k+l^ 

(KS + bb) : ds\, = + ^ 3^^" )("; + + ( ^ 4^ )"i 

■^"The careful reader will find useful the following expansions (at t ^> and p ^ 0) 

hi ^ K{t) ^ h{T) ^ 1, h2 ^ ^ T (6.2) 
/i ~ ~ e'*^ ~ ~ sin a ~ 1, e*" ~ ~ ^2 ~ ^ cos a ~ sin 2a ~ p. 



62 



The volume of these three cycle behaves in the far IR as 

(wD5) : yo/pg] + ...., (KS) : Folpg] - T...., {KS + bb) : Volli:^] p + 

and in all cases the functional dependence of Vj is shared in the IR limit with the 
volume behaving as 



ghs^P^l \ , 2 , 2 +••• (6.5) 

const + v^ + V2 
reflecting the underlying similarities of these geometries. 

We see that the volume of the three cycle also vanishes in the far IR. Though both 
the two and three cycle defined above vanish, this does not imply that we will get 
trivial results for all observables. Indeed, in most cases, as we will see, it is the "stringy 
volume", that is det[g + B] what plays a role in calculations. 

We will move now into calculating observables of the dual QFT, using the three 
new geometries we have found. 

6.2 Domain walls 

In the original backgrounds, domain walls are defined as D5 branes that extend along 
R^'-^ and {02,(p2>^)- These objects have finite tension when placed in the origin of 
the radial coordinate. This indicates the objects "exist" and are formed due to non- 
perturbative dynamics. From the induced Action one can calculate the tension of the 
domain wall (before the non-abelian T-duality) to be, 

Tdw = Td5 2n^e^'^+^S+k ^ 2n^e^'^^'\ (6.6) 
We used the IR expansions of the functions, quoted, for example in Appendix A of 



lis! — see also our (6.2). In the T-dualised background we have defined the Domain 
walls as D2 branes extending along R^'^ with vanishing {v2, v^, 6i, (pi, xp). Such con- 
figurations have vanishing B field on their world-volume. The Born Infeld action 
which in this case is for the non-abelian transformed of the wrapped D5 system 

{wD5) : S = -Td2 e-^+20/2 J ^2+1^ ^^ j^ 
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Using the expression for the dual dilaton we obtain for the effective tension. 



{wD5) : Teff = T, 



D2 



(6.8) 



p=0 



again, we observe a finte tension object. This indicates that the field theory dual to the 
transformed background contains different vacua, separated by these walls, formed 
non-perturbatively. 

In the cases of the KS-Baryonic Branch non-abelian T dual backgrounds the expres- 
sions read. 



Teff — 7b2 



{KS): 

{KS + bb) T,fi=Tu2 



e2/3/j(T)-2(4/|2 + cOsh2TK(T)2e3)2 



2x/3K(t) 



T=0 



(6.9) 



p=0 



Using the small radius expansions in [21J and fE\, we find that the domain walls have 
constant tension in the three analysed cases. 



6.3 The 't Hooft loop and gauge coupling 

In Section |4| we defined the 't Hooft loop as the non-local operator calculated with a 



D4 brane extending in R^'^ and wrapping the three-cycle E3 of (4.261. In the case of 



the background we obtain when transforming the wrapped D5 system — see Section 



5.1.2 The induced metric on the probe D4 takes the form. 



, „2.2^+2<I> . „2.2g+2fc+2a> 

-( 4W " ( 2W ^""^ ■ ^^-^^^ 

while the B field induced on the brane is, 

B = — ■^-j=-^^{v2C0i A(X>3 — av^coi AC02) (6.11) 
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Now one calculates the Born-Infeld action and the effective tension for the above 
configuration — for the non-abelian T-dual of the wrapped D5 background, 

(wD5) : S = Teff j rf^+^x , (6.12) 
Tea = TY)A4^n^eS+^+^+^^V2 Va^e^s+Ae^^. 

Note that the above result is independent of v^. Also, as already observed, it is the 
stringy volume what plays a role in this calculation. 



Using the small radius expansion from Appendix A of ||8l or (6.2 1, we can see that 
this object becomes tensionless in the far IR as Tgff ^ p. This indicates that monopoles 
are "screened", which is a typical signature of a confining field theory. Let us briefly 
analyse the analog result on the KS/Baryonic Branch non-abelian T-dual backgrounds 
where the effective tensions are 



.2 4 



(KS) : reff=rD4 "1^' , V2 (l6gsM((-l+C0shT)/(T)2+(l + C0shT)?c(T)2) 
2^/3K{T)2 V 

+2e3/z(T)K(T)^coshTsii\h^T)2j , 
{KS + bb) : Teff = Tm V2 Va^e^s + Ae^^ . (6.13) 

Using the IR expansions of ||2T| and ||8l, we see that monopoles are screened in the 
three backgrounds/ dual QFTs. 

Finally, in Section |4| we defined the gauge coupling in terms of a D2 brane that wraps 



the three-cycle in (4.261. The induced NS B field in this case is the same as that we 



found in ( 6.11[ >. The Born Infeld action for this euclidean "instantonic" D2 brane gives 

(wD5) : S = V2 Va^e^S + Ae^^ (6.14) 

Notice that we have again considered the range of xp to be [0, n], to avoid the bolt- 
singularity. Note also that this result is independent. Using this, we obtain (in the 
case of the non-abelian T-dual to the wrapped D5 system), that a logic similar to the 



one spelled around (4.48) tells us that the inverse gauge coupling vanishes in the far 
IR as 

(wD5) : ^ (6.15) 
St 

which is again a characterise sign of a confining theory. The definition based on D6 



65 



branes is expected to give the same result. 

Let us briefly analyse the analog result on the KS/Baryonic Branch non-abelian 
T-dual backgrounds. The euclidean D2 actions are 

(KS) : S = Tm TT^— ( - 8/z2% + cosh^ t/i? + cosh T(4h^ + Ahj - h^)) ^ 

{KS + bb): S = Tj,2 ^eS+^+nh2 {^e^^hi^h^^ + 4^'') + e^^K^a^e^^ji^ + ^2)' 

. 1 

+166"^^ cos^ IX +4:e^^{}il-2aeS {11^ + 112) cos (x)y .(6.16) 

Correspondingly we obtain the behaviour in the deep IR ( and at fixed V2), 

{KS) : ^ - T, {KS + bb): ^ - p . 
gi SI 



Notice that the expression in (6.16 1 reduces to ( 6.14[ > in the un-dressing limit k 
0, h^l. 



In conclusion, the gauge coupling defined as in Section 4.2. 5[ is such that in all 



three backgrounds/ QFTs grows unbounded for small energies. As explained, this is in 
good correlate with confinement of quarks and the screening of monopoles discussed 
above. 



6.4 Central charge and Entanglement Entropy 

In Section|4| we found expressions that hinted at the fact that the central charge and the 
entanglement entropy were invariants of the non-abelian T-dual operation, indeed, 
we found that up-to a factor depending on the volume of the V2, U3 space, expressions 
before and after the non-abelian duality were identical. 

In the cases of the non-abelian T-dual of the wrapped D5 and the KS we can readily 
obtain the expressions for the central charge using the formalism of ||3ll . Since in these 
cases the space spanned by R^'"^ and the radial coordinate is unaltered it is sufficient 
just to look at the (dilaton adjusted) volume of the internal manifold which are given 
by 

{wD5) : ^int = J e-^^^g = V2n^e^S+2h+ic+^/2^ ^ 
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2 

(KS) : V^, = J e-^'^^g=^eTh{T)lK{T)sinh^Tl, (6.17) 



where in both cases 



X = y dv3 J dv2 V2 , (6.18) 



is the RG scale independent integral left over from the Fadeev-Popov determinant. 
Up to this constant factor these precisely match the corresponding expressions before 
dualisation and hence the central charges agree. Interestingly, notice that Vint vanishes 
in the far IR. The situation is rather more subtle when it comes to the Baryonic branch; 
the 'radial' coordinate p mixes with the internal directions, this means a direct use of 
||311l is not viable. We will comment more on this unusual feature in the next section. 



It may be interesting to push these calculations a bit more and analyse as the au- 
thors of pT| did the possible first order (quantum) phase transition observed when 
plotting the entanglement entropy in terms of the separation between regions I. We 
leave this demanding numerical work for the future. 

6.5 Wilson loops, Asymptotics of the Dilaton and five dimensional 
metric 



In Section 4.2.3 we considered the "radial" behavior of the dilaton and the metric of 



the -R^'"^ X of the metric for the non-abelian T-dual of the Klebanov-Tseytlin back- 



ground. We observed that when fixing the internal directions as in (4.31), the metric 
of the five-space received no "contributions" from the internal manifold. The conclu- 
sion of this was the fact that the UV-asymptotics of the Wilson loop — computed with 



a string hanging from the far UV in the configuration of ( 4.36[ > — was not supposed to 



present changes. We can quickly verify which is situation in the non-abelian T dual 
transformed of our wrapped D5, KS and Baryonic branch backgrounds. 

In the transformed solutions corresponding to the case in which the "seed" back- 
ground are those of wrapped D5s and KS, we check that the R^'^ x R remains the 
same before and after the non-abelian T-duality, in the case of the Baryonic Branch 
background something uncanny occurs. Inded, the one form A defined in ( 5.22[ >, gen- 



erates a new term in the component of gpp even when the internal directions are fixed 
to be constants. 
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In particular we find that the R^'^ x part of the metric is given by 

^4/c+40 

+ -^{e^'^'^h + V')dp\ (6.19) 
In addition to this there is an off-diagonal mixing 

gpadx" = -'-^^\4VV2dV2+{e^S+^n + V^)dV3 

-V2eS+^^V2iAe^^h-VKm)cvi] . (6.20) 

What distinguished the baryonic branch from the KS system and the D5 wrapped 
background (all considered before the non-abelian T-duality) is that in the baryonic 
branch case we have a new component in the NS-B2 field, that is ultimately respon- 
sible for this mixing expressed by the one form A. Field theoretically, the baryonic 
branch contains a non-zero VEV for an operator of dimension two. The operator is 
called U in [69J and is roughly indicating the differences in VEVs of baryon and an- 
tibaryon fields. Here, it seems that what was a difference of VEVs before the non- 
abelian T-duality gets mapped in to an irrelevant operator that deviates the geom- 
etry away from the "logarithmically approaching AdS" characteristic of KS and the 



baryonic branch. This in indicated by the last term in (6.191. The numerology points 
to an irrelevant of dimension six. Another more conservative interpretation is that 
there simply does not exist a baryonic branch of the field theories obtained after T- 
dualisation; indeed since some global symmetries are lost it might not be possible 
to from an appropriate baryonic operator. We leave for a more dedicated study the 
understanding of this feature of the QFT. 

Let us summarize the results of this section. We performed an analysis that com- 
plements that of Section |4| for the observables sensitive to the non-perturbative IR 
dynamics of the QFT. The information obtained here is key in deciding about the 
quiver /la grangian of the dual QFT. 

We have presented a set of three geometries in massive IIA String theory, that aside 
from being smooth geometries, are dual to a minimally SUSY field theory that con- 
fines, generates domain walls (hence different vacua), presents a mechanism similar 
to Seiberg duality (for the KS case ) when flowing down from an approximate fixed 
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point. 

Lots of observables that have been calculated with the trademark backgrounds of 
Type IIB, could be computed in our new geometries to learn more about these QFT. 

7 Conclusions and Outlook 

In this work we have demonstrated the utility of non-abelian T-duality as a solution 
generating technique of supergravity backgrounds, in particular in the context of the 
AdS/ CFT correspondence. We began by considering dualisation of the Klebanov Wit- 
ten geometry with respect to an SU(2) isometry group. The result of this procedure 
was to find an N = 1 supersymmetric background in type IIA supergravity whose 
lift to M-theory coincides with a special case of the geometries dual to certain N=l 
quiver gauge theories described in ||26| . However, in our situation the dual geometry 
contains a genus zero surface and the corresponding gauge theories are, perhaps sur- 
prisingly, less understood than those of higher genus. Understanding more precisely 
the theories of ||29| , ||26B in the genus zero case and their connection to the geometry 
present here is an interesting question that we hope will be the subject of further study. 

We also looked at dualisation of geometries dual to non-conf ormal theories, begin- 
ning with the Klebanov Tseytlin geometry and then considering its completion in the 
IR. Here we find an immediate departure to the conformal case; the backgrounds we 
generate are solutions of massive type IIA supergravity with the mass parameter nat- 
urally quantised by the number of fractional branes before dualisation. The action of 
T-duality has a natural consequence for the Page charges; the D5 and D3 charges get 
mapped on to D8 and D6 charges respectively. Under a large gauge transformation 
we saw that these charges display the signatures of a Seiberg duality cascade encoded 
in the geometry. A puzzling feature is that whereas a Seiberg duality before the T- 
duality changed charges (or the ranks of gauge groups) by M units, after duality it 
has the effect of changing charges by 2M units. A fundamental question to ask is then 
what is the would be cascading field theory corresponding to this solution. 

We hope that by performing a number of probes of this geometry we have assem- 
bled some facts that will be of use in future attempts to answer this question. Many 
features that were present before the dualisation seem to persist. Features that are 
preserved (and which can thus be thought of as 'neutral' under the isometry group 
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dualised) are the presence of well defined two and three cycles; the aforementioned 
Page charges and indications of duality cascade; the constant tension of domain walls 
and the fact that the J^^'"^ x directions, logarithmically approach AdSs. Perhaps the 
most compelling similarity is the fact that the central charge is preserved under the 
dualisation (up to a single RG scale independent integral that depends on the global 
properties of the geometry). There however are some notable changes after dualisa- 
tion. Firstly the geometry is supported by a non-constant dilaton . Somewhat related 
to this is that a suitable gauge coupling, defined in terms of a brane probe wrapping 
the three cycle, has a rather peculiar asymptotic behaviour and not what is typical in 
4d gauge theories. On the same vein, we find an associated anomaly, that is not the 
usual one breaking the U{1)r symmetry of the seed backgrounds. 

In order to probe the IR physics we also addressed IR smooth N=l dual geometries, 
namely the Klebanov Strassler, the wrapped five brane and the baryonic branch that 
interpolates between them. In the UV the story is qualitively similar to the Klebanov 
Tseyltin. In the deep IR we find that although the cycles are shrinking the presence 
of the dilaton and NS flux ensures finite tension for the domain walls. The 't Hooft 
loop, defined as a probe D4 wrapping the three cycle, has an effective tension that 
vanishes in the deep IR indicating screening of monopoles, a signature of confinement. 
In alignment with this we find that the rectangular Wilson loop, uncharged under 
global symmetries, displays an area law. Also, the gauge coupling described above 
diverges at low energies. Again the central charges are preserved by the dualisation. 

For the case of the baryonic branch the dualisation has rather more severe conse- 
quences; the R^'^ X R space actually mixes with the internal space (this is due to the 
activation of a certain component of the NS two form in baryonic branch background). 
This strongly deviates the geometry from the logarithmically approaching AdS. One 
interpretation of this could be that the dimension two operator that takes a VEV on 
the baryonic branch has been converted into an irrelevant operator in the dualisation. 

Let us now describe some unresolved puzzles that we hope will be the topic of 
future study. 

What are the dual field theories? 

The dual of the conformal case seems to have at least superficial relation to the 
theories coming from wrapped M5 branes on Riemann surfaces 12911 , ||26ll . This corre- 
sponds well to the fact that a similar dualisation applied to AdS^ x gave a geometry 
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rather similar to that of Gaiotto and Maldacena flTl which are an N = 2 counter part 
to the Sicilian theories of Il29l . However the case of genus zero that seems relevant to 
us is the least understood. 

Moreover, it is puzzling that in the non-conformal case the geometries are in mas- 
sive IIA which does not lift to M-theory in the conventional way. One is then led to 
ask how to modify the picture of wrapped M5 branes to induce a mass. One might 
wonder if there is some non-geometric compactification involved especially given the 
connection between non-abelian duality and gauged supergravity Equally it is 
know that certain supergravities, which don't have a higher dimensional origin in the 
conventional geometric sense, can be obtained by reduction in the T/U-duality sym- 
metric generalised geometry [|72l[73ll . It is interesting to ask whether these massive IIA 
theories can be obtained from an appropriate reduction of the generalised M-theory 
considered in |[74||. 

Clarifying and developing the underlying geometry 

At first sight, the solutions presented here, seem rather complicated. However 
certain similarities emerge due to the simplicity of the Sll{2) group dualised. One 
might hope to find a better language with which to describe the geometries presented 
within this work. In fact all of the initial geometries studied can be nicely phrased 
in terms of SLr(3)-structures (i.e. by the data in a globally defined two form J and 
holomorphic three form Clf^oi)- The action of abelian T-duality on the SLr(3)-structure 
has been studied before and it seems very likely the situation would be similar for 
the non-abelian duality. It is then natural to conjecture that these geometries may be 
described by non-local SU{2) structures [75J. With such technology one might even 
hope to find a more general class of cascading solutions in massive type IIA by using 
the solutions found here as the starting point for an intelligent ansatz. 

Compatibility with S-duality 

In this paper one system considered was the wrapped D5 brane whose geometry 
is supported by quantised RR 3-forms flux. In general one can consider ap — q system 
of wrapped NS5 and D5 branes whose geometry has both NS and RR 3-forms. It 
is natural to ask what becomes of this system under the duality. A similar question 
stands for the D1-D5 system considered in IITOll . 

Developing the technology of non-abelian T-duality 
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One of the challenges in non-abelian T-duality is the difficulty (at the very least) to 
demonstrate it to be an exact symmetry in string (genus) perturbation theory. One rea- 
son for this is that it is hard to understand how to constrain the periodicities and global 
properties of the Lagrange multipliers so that partition functions match exactly before 
and after duality Although one may not be concerned about this difficulty when 
thinking about the dualisation as a solution generating technique of supergravity or 
in the context of large N AdS/ CFT where string genus corrections are suppressed, it 
would be desirable to understand better the global properties of the backgrounds we 
have presented within. 

Wider applications 

It seems that here, and in recent works, we have only started seeing the utility of 
these duality transformations. In principle one could apply these procedures when- 
ever a space-time admits some non-abelian isometry group. There are of course many 
examples of this and we hope that further study wiU prove fruitful. 
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A Group theory conventions 

We give details of the conventions used in performing dualisation with respect to 
SU{2) isometry groups. The Pauli matrices are 

-(!o'> 

and obey T/Ty = Sijl + leyj^r^. We define 511(2) generators 

t' = ^T., (A.2) 

such that 

TritHj) = , \t\ 0\ = ifht^ = iy/lei^],t^ . (A.3) 
Left invariant one-forms are defined in general by 

V = -iTxieg-'dg) (A.4) 

and obey 

dV = \fj^V A . (A.5) 
In the Euler parametrisation a group element is given by 

g = ez^^3 . gi^Tz . git/»T3 ^ Q^e^n, 0^(p^27t, 0^tp^47t (A.6) 

and the left-invariant Maurer-Cartan forms by 

1 

Li — — 1= {— sinipdO + cos ip sin 6 d(p) , 
V2 

1 

L2 = —1= (cos ipdO + sin i/^ sin 6d(p) , (A.7) 
v2 

1 

L3 = ^ (rfi/' + cos Odcp) . 
v2 

A useful matrix is the adjoint action 

D'i ^Txd'gtig-'^^ . (A.8) 
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which is an orthogonal matrix, i.e. it obeys 



^ij^ik ^ gjk _ (^ 9) 

Its explicit expression in terms of the Euler angles is not necessary for our purposes. 

Finally note that the SU{2) transformations on the group element have the following 
action on the Euler angles 

S6 = Ci sin (p + £2 cos (p , 

S(j) = cot 6 (ei cos (p — €2 sincp) + , (A.IO) 
1 

= {—e\cos(b-\-e2sm.<b) . 

sm0 

The corresponding Killing vectors are 

= — cos + cot sin — CSC sin (^9,^ , 
fc(2) = — sin — cot cos + CSC cos , (A.ll) 

^(3) = -^<p ' 

and obey = —Cij^kf^j^), i.e. the su{2) algebra. 



Similarly the Lagrange multipliers are infinitesimally transforming as, i.e. (2.191 



^^a = CabcebVc ■ (A.12) 



B General gauge fixing 

In this appendix we consider the general case in which we gauge fix some variables 
of the group group element and use the residual symmetry to gauge fix in addition 
some of the Lagrange multipliers. Let g and v denote the set of dim G variables left 
after gauge fixing dim H among the original dim G + dim H ones. Then we have the 
replacement 

-^L^ + iDpA^^ . (B.l) 

In addition we denote 



74^ 



(B.2) 



Then we have the Lagrangian (we suppress group indices) 



L = Q^^yd+m-X" + Q+L^ + L+Q^ + L+EL- 

iA+{DQ- + DEL- - d-v) + i{Q+D^ + L+ED^ + d+v)A. 
-A+{DED^ + f)A- . 

Integrating out the gauge fields we find that 

A+ = iM~^ (q+D^ + L+ED^ + d+v^ , 
A_ = -iM~^ {d-v - DQ- - DEL-) , 

where 

M = DED^ +f . 

The dual action is 



(B.3) 
(B.4) 



(B.5) 



(B.6) 



>^duai = ^0 + (Q+D^ + L+ED^ + d+v)M-\d-V - DQ- - DEL-) , 
where £0 the original action. 

The transformation of the worldsheet derivatives can be written as 



(B.7) 



L+ ^ L+ + zD^A+ = -D'^M-^^DQ^ + /DL+ + a+u) , 
L- L- + iD^A- = D^M-\d-V + fDL- - DQ_) , 



(B.8) 



where we have used ( B.l[ > and utilized (B.5 1. Next we perform the coordinate trans 



formation (2.43 1 that defines the dressed Lagrange multipliers in (2.43 1. Also let that 



f,j = f,j,v'' , M=E + f, 



(B.9) 



where note that M above is defined slightly different than (2.23 ). Then using the iden- 
tity arising from group theory considerations 



D^fD = f , 



(B.IO) 



we obtain 



M = DMD^ 



(B.ll) 
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Using that and in addition the identity 



(B.12) 



we find that 



L+ ^ -M-^{d+v + Q+) , L_ ^ M-i(a-^ - Q-) , 



(B.13) 



which are the same expressions as those found with the gauge choice g = I, but with 



the u's replaced with the u's as in (2.431. 



Similar manipulations give for the dual action (B.7) the form (2.241, i.e. 



with M given by ( B.9[ >, plus the term 



L_|_9_u — 9_|_uL_ — L+fL- , 



(B.15) 



which is however a total derivative. 

Finally, we note that the dilaton is still given by ( |2.26 l, but with M given by (B.9) 



C The general form of the transformation on RR fields 



Our conventions on Hodge duality are such that on a p-form in a D-dimensional 
spacetime is 

^ " (c.i) 



where eoi...9 = 1- With this we have the useful identity Fp = s(— ^"^^Fp, where 
s is the signature of spacetime which we take to be mostly plus. 

We would like to see how one works out the details concerning ( 2.49[ > from which the 
transformation of the flux fields arises. Its inverse (which is actually what we need) 
will necessarily have the form 



n-i = (AorW + A«r)rn, 



(C.2) 



where Aq and Aa are some coefficients that may depend one fields and a = 1,2,3 
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runs over the directions that use to be a, generally squashed, that has the SU{2) 
symmetry w.r.t. which we performed the non-Abelian T-duality. These coefficients 
are given in our case by 

1 C 
Aq = , , A" = , ^ . (C.3) 

We will denote by the frames "containing" the original SLf(2) directions. 
In general we have the following decomposition for a p-form 

= gJ°^ + G^_i Ae" + -Gf_2 A e« A + Gf_^ Ne^ Ne' , (C.4) 

where G^^^ = -Gji^. TTien 

where (S^, q — p — l,...,p — 3is defined with the Gamma matrices corresponding 
to the seven-dimensional spectator spacetime. 

If there is more symmetry some of the above forms are actually zero. For instance, if 
there is an extra SLr(2) symmetry so that the symmetry group is actually SO(4), then 

G«_i = Gf_2 = . (C.6) 

The following identities are needed 

1 

-pfl-|-'123 _^abcYbc jpflbjpl23 _^abcYC jpl23jpl23 _-|^ 

r«r^ = S"^ + Y"^ , r^^F'^ = S^'Y" - 3"'Y^ + e^^'Y^^ , (C.7) 
1 

jpl23j-'fl _ _^abcYbc 

~ 2 

Then we have that 

FpF« = 0f^Y" + + (S^_iF^'' - (S;^_2F^ + ^(S^'L2e"'''ri23 + ^(^fl^e^^'Y^' , 
FpFi23 = (2(o)f123 + IgJ.ie^^'^F^^ - ^e;^_ie«''^F'^ - . (C.S) 
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Putting these together, and sorting by form degree, we get 



(C.9) 



where 



-Ao(S 



(3) 

p-3 ' 



^0 ^ab abcrc A //'flfc r^' i ^"/^C^) ^abcrbc 



A,(S(°)r'' + ^0l_,e''V' - Aa^^.^T"'' + ^(Sj^_2e«''^ri23 , (C.IO) 



i.e 



Then one reads off the expression for the T-dual forms which is similar to that in ( C.4[ ), 

-I 

(0) _i_ r^a A _L r^Jib A A />b j_ ^(3) a ^1 a ^2 a ^3 

where 



(C.ll) 



Up 



r^ab 



-AgGp ^ + AaGp 



Ao ^abcQbc 



e""" I AcG^l2 + ^oGp_2 j — (AflGp_2 — A^Gp_2) 



,(0) 



(C.12) 



G 



(3) 
P-3 



A« 
2 



£^*-'^f ^e"^^G^i3 + AoGj% 



We would like to show that the non-Abelian T-duality transformation preserved the 
degrees of freedom associated to the fact that not all of the RR p-forms are indepen- 
dent, by rather those with rank higher than five are related to those with lower than 
five rank, as stated by (2.48 1. To proceed consider a p-form Xp with legs in the seven- 



dimensional manifold. Then note the identities 



★ Xp = i^jXp Ae'^ Ae^ Ae^ , 



★(Xp A 



e^^' ^7 Xp A e'' A e" 



★(Xp Ae'^ Ae'^Ae^ 
★(Xp A e'' A 



2 - 
-ly+'^yXp, 



(C.13) 
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valid for a Minkowskian seven-dimensional signature spacetime. Then the condition 



(2.48 1 that relates higher and lower forms gives the conditions 



,(0) 



(3) 

7-p ' 



G 



ah 



p-2 

(3) 
P-3 



c 

9-p 



(C.14) 



G?l = (-1)15] ^7 G 



(0) 

W-p ' 



which, as one may verify are self consistent. In particular, the first and the fourth as 
well as the second and third are related by seven-dimensional Hodge duality. Finally, 
using the above we can check that the T-dual forms (C.12) preserve ( C.14[ >, equiv- 
alently ( |2.48 l, as well. This is a non-trivial check of various relevant factors in the 
T-duality transformations of the RR flux fields. 



D SUGRA review and conventions 



D.l Brief review of IIB supergravity 



'IIB 



2k2 JMw 

1 



-20 



R + 4(aO)^ 



12 



C4 A H A dC2 , 



1 ^2 , f| , Iff 

2 + ¥ + 251 



(D.l) 



where the potentials are 



H = dB , fi = rfCo , f 3 = dC2 - CqH , fs = dC4 - H A C2 . 



(D.2) 



The field strength for F5 is self dual (imposed by hand here). The Bianchi identities 



dH = 0, rffi = , rffs = H A fi , rffs = H A F3. 



(D.3) 
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D.2 Brief review of (massive) IIA supergravity 



In the conventions of ||5T|, the action of the massive type-IIA supergravity [ | 76| is given 
by 



'Massive IIA 



2k2 



-20 



12 



/ VS e ^'^ I K + 4(a<D)2- 
JMw I \ 



(D.4) 



where the field strengths are defined as 



m 



H = dB , F2 = dCi + mB , F4 = dCs - H A Q + y B A B , (D.5) 

and where m is the mass parameter. Note that, the presence of the jin^ term in the 
action reveals that m plays the role of a zero-form Fq. The field strengths are invariant 
under the gauge transformations 



SB = dA, SCi = -mA , SC3 = -mA A B , 



(D.6) 



where A is a one-form. The Bianchi identities are 



dH = 0, dF2 = mH , dFi = H AF2. 



(D.7) 



The topological term in the action can be written as 

— J 

iMio ^ zO Z JMn 



I [ dC3ArfC3AB + ^dC3AB3 + ^B5 = -1 / f 4 A f 4 A H , 



where dMn = Mio, so that gauge invariance under (D.6 1 becomes manifest. 
The equations of motions that follow from varying the metric are 



20 



2(^2) }iv + ^(fDfv 



^ -2 , 1 ir2 I ^,2 



(D.8) 



(D.9) 
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whereas the dilaton equation is 



1 

R + 4:D^^ - 4:{d^f - —H^ = . (D.IO) 

From varying the fluxes we obtain (after simplifying using Bianchi identities) 

d (e~^^ ★ - f2 A ★f4 - -F4 A f4 = m ★ f2 , 

rf^f2 + HA^f4 = 0, (D.ll) 

rf^f4 + HAf4 = 0. 

This set of equations is consistent with the Bianchi identities as it can be seen by ap- 
plying to each one of them the exterior derivative. In particular, we note the necessity 



of the term proportional to m in the right hand side of the first of (D.ll ). 



The Bianchi identities and equations of motion can be recast in the following way: 
= d{F2 - mB) , 

1 

= d(f4-BAf2 + -mBAB), 

= rf(F6 - B A f4 + \b^ AF2- \mB^) , 

2 6 

= d(F8-BAf6 + ^B2Af4-^B3Af2 + ^mB4) (D.12) 
in which we defined = — * F4 and Fg = *F2. 

D.3 Supersymmetry 

Our conventions for supersymmetry variations follow those of [|44|. To package these 
variations we find it handy to introduce a Killing spinor comprising of real Majorana- 
Weyl spinors 

In type-IIB we have T^^e = e, while in type-IIA the conventions are such that r^^e± = 
=Fe±/ that is: 

IIB : Ine = l2e , HA : Tne = -crge . (D.14) 



(D.13) 
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Using Pauli matrices, the type-IIA Killing spinor equations can be written as 



L 24 o L 



24 



1 1 1 

where D^e = + -co^Yai,e. The Killing spinor of type-IIB are 



Tuc, (D.15) 



3\ = -d^e - -Base + -e'^ 



12 



8 



r^e(P.16) 



where as always we are using the notation fn = Fii...i„^^^"'^" • 

For JIB it is helpful to combine the MW spinors into a complex e — + ic- . For 
the simplest case where we only have F5 turned on we have a trivial dilation variation 
and 



5^u = Due + 



le 



(D.17) 



E SUSY in the dual of KW 

In this appendix we evaluate explicitly the supersymmetry in the T-dual geometry of 
Klebanov-Witten. 

Let us begin with the type IIB killing spinors of T^^'^) which obey 



^UVl = -V2 / ^iSVl = V2 , ^llVi = Vi ■ 



(E.l) 



Let us define 



which have chiralities 



ei = ?/i / ^2 = / 



Fiiei — ei , Tiie2 — —£2 / 
and thus these combine to give an ansatz for the Killing spinors of type IIA. 



(E.2) 

(E.3) 
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We begin with the dilatino equation 

h + Y^^^ ^2 , (E.4) 

Upon inserting the above ansatz we find this vanishes. To see this first note that 

ei = (Xkll^m - xi^^^m - ^lAiFiJ/i j . (E.5) 

One may then use the projection conditions on the rji under and Y12 to simplify 
when contracting with the fluxes. 

One finds 

^-i^ei = ^(^-x2A3r3^i + xiA5ri;72-^(A?-A2)r2//2) (E.6) 



,20 



^e'^fiei = ^—3(^\^\\T3r]2 + X2X^^l^m-xi?^4^ir]i) (E.7) 
-e^f^e2 = —[{xlxl^xlX^)l3m-xi?^^^i^m^xiXXllir]2) (E.8) 



"24^ = "2" f -2^i^^^iEi'72 + 2^^i^2A^r2//2 + A ( - -x? - x| + x^A^A^^^ - \\ \ Y^nij 

(E.9) 

Combining terms we get 

2e~^^6Xi = X2)^ (^-A + 2A5) Fst/i - ^xiAi(A^ - 2A5 + ^X}3[)Yxn^ + ^1^2 Qa^A^^ - Ai^ 12^2 
+ + '^i) + A^K^i.^^ - A? + AA?) + AA|(3A - 1)^ r3?72 , (E.IO) 

which vanishes as claimed when evaluated at the values of A^ = i and A^ = g. The 
calculation of 6X2 proceeds in the same vein with the same result. 

One may also show that the gravitino variations also vanish, however we need to 
also take into account the dependence on the AdS coordinates for the Killing spinors. 
The full Killing spinors are then given by: 

ei+=r27/i+, £2+ = r2n.;72+ / (E.ll) 
ei_ = r"27/i_ + nY r(^V-Y yy.)ex- , €2- = r~^Clr]2- + r^ClTriy^Ty}i)€2- 
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(E.12) 



In which the rji± are constant Majorana-Weyl spinors obeying 
We conclude that the dual preserves supersymmetry. 
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